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Abstract

Tails are of paramourt importance in shaping the risk pro le of
portfolios with credit risk sensitive securities. In this corntext risk man-
agemen tools require simulations that accurately capture the tails,
and optimization models that limit tail e®ects. Ignoring the tails in
the simulation or using inadequate optimization metrics can have sig-
ni cant e®ectsand destroy portfolio e+ciency. The resulting portfolio
risk pro le can be grossly misrepresemed when long run performance
is optimized without consideration of the short term tail e®ects.This
paper illustrates the pitfalls and suggestsmodels for avoiding them.

1 Intro duction

Credit risk and derivative securitiesare characterizedby a large chance of
positive returns and very small probability of large investmer losses. The
distribution of price returns of theseinstruments are asymmetric and highly
skewed, exhibiting very °at tails on the downside. Of courseinvestorsare
compensatedfor assumingthe low-probability risk of losses. This is evi-
denced,for instance, by the total return of the corporate bond indices viz-
§-viz the US Treasury market as summarizedin Table 1 for the eleven-year
period from January 1990to April 2001. On a duration adjusted basisthe
Merill Lynch Eurodollar index, for instance, realized annualized return of
9.35%with a standard deviation of 4.48%. The Eurodollar index outper-
formed during this period the US Treasury index, which realized duration
adjusted returns of 8.74%with a standard deviation of 4.73%.

Index Return (%)
Merill Lynch Eurodollar 139.68
US Treasury 137.37
US Agency Master (AAA) 142.39
US Corporate domestic 156.34

Table 1. Total return of broad market indices from January 1990to June
2001.

In a portfolio managemen cortext the questionis then raised whether
the return of the credit risky portfolio adequatelycompensatesfor the low-
probability, large-losses\weris. Given the proliferation of corporate bond
issues,the constart stream of innovations in credit derivatives, and their
increasedusein the assetportfolio of nancialland otherlinstitutions, it

2



is only tting that credit risk pricing modelsare receivingtoday widespread
attention; seefor instance,Saunders(1999)and Scénbucher (2000). Costly
lower-tail outcomesare also having an impact on the practice of enterprise
wide risk managemen as pointed out by Stulz (1996). However, models for
integrative risk managemenin the cortext of credit risky securitiesare scart.

In this paper we demonstratethe signi cance of the tails when shaping
the risk pro le of credit assetportfolios. We start with the obvious, namely,
that properly simulated credit everts result into risk pro les with °at tails
on downsiderisk (i.e., losses)and limited upside potential (i.e., gains). But
then we proceedwith more subtle and important obsenations:

Observation no. 1. Lossesare probabilistic everts and without adequate
accuracythey may be missed. This is demonstratedin section\Where
IS the tail?".

Observation no. 2. When the tails are properly simulated they distort
substartially the risk-return tradeo®sof portfolios renderinginexcient
portfolios that may be consideredasezcient whenthe tails areignored.
This is shown in section\T ail e®ets on excient frontiers".

Observation no. 3. To avoid distortions of the excient frontier we needto
optimize appropriate risk metrics and to do sowith adequateaccuracy
The relevant models are introduced in section \Optimizing the right
risk metric".

Observation no. 4. With appropriate modelling the long-term performance
goalscan be met without su®eringcatastrophic blows from the tails in
the short run. This is demonstratedin section\L ongterm performance
with short term tails".

These obsenations are supported by empirical analysis carried out using
the simulation models deweloped recerily by Jobst and Zenios (2001). In
our numerical experimernts we simulate 500 economicscenariosand 5000
credit everts, for a total of 2.5 million simulation runs. Portfolio modelsare
optimized on samplesof v e to ten thousand scenarios,drawn from the 2.5
million simulations.

2 Where is the tail?

The causeof lossfrom credit assetsare many and complexin nature. Credit
risk can be descriked asthe risk that one of the trading courterparties does
not ful Il their obligations on a certain date or at any time beyond. Losses
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may result from a courterparty default or a changein the market value due
to credit quality migration. In general, credit risk for a single instrument
may be decommsedinto default risk, migration risk, and security speci ¢
risks causingidiosyncratic spread changes. Default is the low-probability,
large-impact event.

Tools sudh as CREDITRISK+ form Credit Suisse,CreditMetrics from
JP Morgan, Credit Portfolio View from McKinsey & Co, or KMV's Portfolio
Managerallow usto gainimportant insights into credit risks but a number of
important aspectsare missing. CREDITRISK+, for example,assessesredit
risk due to default lossesonly without taking into considerationthe term
structure of credit spreads.CreditMetrics allows us to calculatethe presen
value of a portfolio of credit risk sensitive assetsdependen on credit risk
only. Market risk is not incorporated explicitly. As a result, no other risks
apart from credit risk can be assessedor their impact on the valuation of
the portfolio.

In a recert paper (Jobst and Zenios 2001) we have shavn how some
popular pricing models can be extendedto the valuation and simulation of
portfolios of credit risky and derivative securities. These extensionsallow
us to estimate the risk pro Ie of portfolios taking into accourt market and
spreadrisk, and the risks of rating migration, defaults, and recovery. The
simulations revealland quantifythe °at tails due to credit events. For
instance, Figure 1 shows a °at lower tail when credit rating migrations are
simulated under the current economicconditions. This tail is absern when
simulating only market and spreadchanges.

The tail in this exampleis quite pronouncedasit wassimulated under the
current economicconditions|i.e., assumingthe term structure of risk free
ratesand credit spreadsemainsunchanged. Figure 2 dewelopsthe simulation
of the same portfolio integrating market and credit spreadrisk, and then
adding the credit ewerts, i.e., credit rating migrations and defaults. The
tail is oncemore evidert but not when we look at the 0.95-quarile of the
distributions. The .95 quartiles of the two distributions showvn in Figure 2
are positive and very closeto eat other. Howewer, the .99 quartiles have
opposite signsand di®erby an order of magnitude. There are no lossesat the
.95 probability level, even when credit everts are properly simulated. At the
.99 probability level, however, we obsene lossesf -1.67%when credit evernts
are simulated. This is Observationno. 1: Tails are probabilistic everts and
without adequateaccuracythey may be missed. We will seelater that this
obsenation has rami cations when choosing an appropriate risk metric for
portfolio optimization.
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Figure 1: Distribution of returns of a Baa bond portfolio during an eight
month risk horizon for (i) constart risk free rates and credit spreadswith
credit rating migrations and default (thick line), and (i) stochastic risk free
rates and credit spreadswithout credit rating migrations or default (thin
line).

3 Tail e®ects on excien t frontiers

We study now the excient frontiers generatedwhentrading expectedreturn
againstrisk in credit risky portfolios. Ignoring the tails hasa signi cant ef-
fect on the excient frontiers. We simulate rst the distribution of returns of
17 bondsrated Baa, without credit rating migration and defaultsand solve a
mean absolute deviation portfolio optimization model (MAD of Konno and
Yamazaki 1991) on these simulated data. The excient frontier of portfolio
expected return against its mean absolute deviation is shovn by the thin
solid line in Figure 3. On the same gure we re-draw (dotted line) the fron-
tier by calculating the expected return and the mean absolute deviation of
the optimized portfolios using the distribution of returns with credit rating
migrations and defaults. Thus we perform an out-of-samplesensitivity anal-
ysis of the frontier usingtail scenarioghat werenot includedin the scenario
sampleof the optimization model. There is nothing excient about the op-
timized portfolios obtained by ignoring the tails oncethe tails are properly
accourted for. This is Observationno. 2: Tails distort the risk-return fron-
tiers rendering seeminglyexcient portfolios into inexcient ones.

Running the mean absolute deviation portfolio optimization using the
distribution with credit everts we obtain a frontier which is very closeto the
out-of-sample frontier and eliminates the inexcient portfolios. This fron-
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Figure 2: Distribution of returns of a Baa bond portfolio during an eight
month risk horizon for stochastic risk free rates and credit spreads. Top
“gure: without credit rating migrations or defaults. Bottom gure: with
credit rating migrations and defaults.

tier is shavn by the thick solid line on Figure 3. Doesthis imply that it
is suxcient to simulate accurately the tails and then dewelop portfolios that
optimally trade expectedreturn againstrisk? The answer is of courseazr-

mative, howewer the meanabsolutedeviation risk measuredoesnot properly
accour for the tails. The distribution of returns of the minimum risk port-
folio obtained usingthe MAD model is shown in Figure 4. We note a small
probability of lossesn excesf 80% of the portfolio value. Theselossesare
likely to be catastrophic, and when they occur they will most likely|due

to bankruptcy|blo ck the portfolio growth to its long term expectedreturn.
The long term expectedreturn of the minimum risk portfolio obtained using
MAD is 5.5%, but this return will be realized only if the portfolio is not
ruined in the short term. This is the sameobsenation madeby Stulz (1996)
in explaining the discrepancybetweenthe corporate useof derivative securi-
ties advocated by theory, and their actual usein practice asrevealedby the
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Figure 3: Frontier generatedusing a meanabsolutedeviation (MAD) portfo-
lio optimization without simulating the tails dueto credit everts (thin line),
and its out-of-sample performancewhen credit everts are included (doted
line). The frontier traced usinga MAD model with simulated data of credit
ewerts is alsoshawn (thick line).

Wharton surveys(seeBodnar et al. (1998) for the latest survey results).
What then shouldbe donein orderto properly accourt for the tail e®ects?
The answver liesin selectinga risk metric that penalizesappropriately the tail
ewverts, and then optimizing the portfolio composition with respect to this
metric of risk. We will seein the next sectionthat Conditional Value-at-Risk
provides a risk metric suitable for integrating credit risk in assetportfolios.

4 Optimizing the right risk metric

Value-at-Rsk (VaR) hasbecomean industry standard for measuringextreme
events and integrating disparate sourcesof risk. VaR answers the follow-
ing question: What is the maximum losswith a given con dencelevel (say
a x 100%) over the target horizon? Its calculation also reveals that with
probability (1 — a) x 100%the losseswill exceedvaR.

Considera portfolio with value V' (z, P). This is a function of the holdings
x = (x;)*, of assetsin the portfolio, and of the random assetprices P. If
the current value of the portfolio is V; then the lossesin portfolio value are
given by the lossfunction

L(z,P) = Vo = V(z, P). )
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Figure 4: Distribution of returns for the minimum risk portfolio obtained
usingthe MAD model. Note the small probability of negative returns worse
that -80%.

The relation betweenthe lossfunction and portfolio returns is given by
L(z,r) = —R(z,1)V. 2

We assumea discretescenariosetting wherely all random quartities take
valuesfrom a nite and discrete scenarioset indexed by menbers of a set
-. That is, P € {P'},cq, and the objective probability ass@iated with eat
scenariol € - is given by p'. Under this assumptionthe probability that
the loss function does not exceedsomethreshold value ¢ is given by the

probability function
4 z,Q) = > 3)

{leQ|L(z,P")<(}
The Value-at-Risk of the portfolios is then de ned as follows:

Definition 4.1 Value-at-Risk. The Value-at-Rsk (VaR) of a portfolio at
the o prolability levelis the left a-quantile of the lossesof the portfolio, i.e.,
the lowest possiblevalue such that the prokability of losseslessthan VaR
exeeds o x 100%. It is givenas:

VaR(z,a) = min{{ € IR |?( z,() > .} (4)
&

The quartile ¢ is the left endpoint of the nonemply interval consistingof the
values( sud that 3( z,{) = «. The dependenceof VaR on the con dence
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level « is sometimesmadeexplicit by referringto a-VaR. Figure 2 illustrates
the VaR of the return for a credit risky portfolio of Baabondsas1.7%at the
.95 probability level, and -1.7%at the .99 probability. There is a 1% chance
of lossesin excessof -1.7% and a 5% chancethat returns will be lessthan
1.7%.

The VaR measurerevealsnothing about the magnitude of the lossesout-
side the given con dencelevel. Suc lossescan be catastrophic. Long Term
Capital Managemen is a casein point. Their fund was estimatedto have a
VaR of only -5% at the .95 probability level. Howeer, a return of -80%in
Septenber 1998wiped o®a position of $1.85trillion and threateneda global
meltdown of the nancial markets.

A measureof risk that goesbeyond the information revealedby VaR is
the expected value of the lossesthat exceedVaR. This quanity is called
expected shortfall, conditional lossor conditional VaR, see,e.g., Embredits,
Kl Bppelberg and Mikosd (2000). For generaldistributions the conditional
VaR is de ned asa weighted averageof VaR and the expectedlosseghat are
strictly greaterthan VaR. For discretedistributions, and under a mild tech-
nical condition that the probability of scenarioswith lossesstrictly greater
than VaR is exactly equalto 1 — «, i.e., 3( z,() = «, the following de nition
applies:

Definition 4.2 Conditional Value-at-Risk. The Conditional Value-at-
Risk (CVaR) of the lossesof the portfolio is the expected value of the losses,
conditioned on the losseshkeing in exessof VaR.

CVaR(z,a) = E[L(z, P") | L(z, P") > (] (5)

_ Z{ZEQ|L(x,P')>C} PZL(%PZ)
- 1 (6)

> {1€Q|L(z, P>} P

_ Yeain@,pysc P'L(z, P')

- ) (7)
1-«

whete the last equality follows from the condition &( z, () = «. &

The dependenceof CVaR on the con dencelevel « is madeexplicit by refer-
ring to a-CVaR.

It follows from the de nitions that CVaR is always greater or equal to
VaR. Both VaR and CVaR are functions of the assetallocation vector = and
the percerile parametera. It is natural to seekto minimize thesemeasures
by judiciously specifying the composition of the assetportfolio.

VaR is dizcult to optimize when calculatedusing discretescenarios.The
VaR function is non-corvex, non-smath and it has multiple local minima.
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Howewer, CVaR can be minimized using linear programming formulations,
seeRockafellar and Uryasev (2000). Considerthe minimization of Condi-
tional Value-at-Risk given above by
lL Pl
CVaR(z, a) = Z{lemL(x,P')x}p (7, ) 8)
1-a

This function can be expressedas a linear model with the use of auxiliary
variables. Let

v, = max [0, L(z, P) - ¢|, forall € - . (9)

y'. is equalto zerowhen the lossesare lessor equalto the Value-at-Risk, ¢,
and it is equalto the excesdosswhen the lossesexceed(.
With this denition of 3. we write:

Sl = > iyl + >yl
= {1€Q|L(z,P")<C} {1€Q|L(z,P")>C}
o+ > (i PY—g)
{1eQ|L(x,P")>(}
> P, PY—¢ >
{1eQ|L(x,P")>(} {1eQ|L(x,P")>(}

>, PL,P)—(1-a)

{1eQ|L(x,P")>(}

Dividing both sidesby (1 — ) and rearrangingterms we get

N Yiea PYL _ Y 1eo|n(z,Py=cy P L(x, P')
1-a 11—« '

The term on the right is CVaR(z, ) of equation (8) and it canbe optimized
using linear programmingto minimize the term on the left.

We minimize CVaR subject to constrairts on the assetallocation of the
form z € X, where X denotesthe set of feasiblesolutions, and the condition
that the expected value of the portfolio exceedssometarget p. Using the
equivalert de nition of CVaR from (10) we write the model as follows:

¢ (10)

N Yica D'y}
Mlglerp(lze ¢+ 14 (11)
subjectto > B > p, (12)
=1
y. > L(z, PY) — ¢, forall I € -, (13)
y. >0, forall [ € - . (14)
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(P, = Seq P! P! is the expected value of the price of asseti.) Since the
lossfunction L(z, P) is linear, seeeqgn. (1), the model is a linear program.
Solution of this model givesus the minimum CVaR* for a given target ex-
pectedvalue i, and the VaR value (* correspnding to the minimum CVaR
portfolio. (Recall that CVaR>VaR and, hence,CVaR* > (*.)

An ezxcient frontier trading expectedshortfall against expected portfolio
return is traced by varying the parameter . We dewelop the CVaR excient
frontier of portfolios of Baa bonds, seeFigure 5, at the .99 and .95 proba-
bility levels. On the same gures we plot the tradeo®sbetweenCVaR and
expectedreturn of the optimal portfolios obtainedusinga MAD model. That
is, we take the portfolios of the excient frontier of Figure 3 and calculate
their CvVaR. We obsene from the two frontiers of Figure 5 (top) that there
is nothing excient about the MAD optimized portfolios when using a risk
metric that properly accours for the tails of the optimized portfolios. It is
not suzcient to capture the tails in the simulation phase,as was done in
Figure 3. We must also optimize the appropriate risk metric, aswasdonein
Figure 5.

This "gure leadsto Observationno. 3: To avoid distortions of the ex-
ciert frontier due to the tail events we needto optimize a risk metric that
appropriately penalizesthe tails. CVaR provides suc a risk metric. Note,
howewer, from Figure 5 (bottom), that the distortions of the frontiers cal-
culated at the .95 probability level are barely noticeablefor a wide range of
target returns. Echoing Observationno. 1 we re-emphasizehat tail e®ects
can be captured only with adequateaccuracyof the models.

4.1 The tail that wags the dog

The risk prole of a portfolio is shaped by the attention paid by the risk
managerto the tails. Taking a CVaR perspective on risk managemen sub-
stantially reducesthe tails. Figure 6 shaws the distribution of returns of the
minimum risk portfolio obtained when minimizing CVaR at probability lev-
els.95and .99. The tail extendsup to almost -40% when minimizing CVaR
at the .95 probability level, but it shrinksto -10%whenminimizing CVaR at
the .99 probability level. Both of theselossesare substartially lower than the
lossesn excesof 80%realizedwhenminimizing the meanabsolutedeviation
measureof risk as demonstratedin Figure 4.

Of coursethe choiceof a risk metric hasan e®ecton the upside potertial
of the portfolio. We note from the distributions of Figures4 and 6 that the
upsidepotertial is reducedasthe tails are shrunk. We have the usual trade-
o®sbetweenupside potential and downsiderisk. Howewer, in the cortext of
credit risky securitiesthe downsiderisk is hidden in the tail and not in the
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Figure 5: Frontier generatedusinga CVaR portfolio optimization with credit
ewvert simulations (solid line), and the CVaR of excient portfolios optimized
with the MAD model (doted line). Top gure: CVaR estimated at the .99
probability level. Bottom gure: CVaR estimated at the .95 probability
level.)

variance or the mean absolute deviation. We seethat CVaR hasan impor-
tant role to play in tracing excient frontiers for the managemen of credit
risk.

42 ToVaR or to CVaR?

There is somedebateamongboth academicsand practitioners whether VaR
or CVaR is the appropriate metric for risk managemenapplications. Clearly
VaR has an advantage in the practice of risk measuremety whereit is con-
sideredthe industry standard, see,e.g.,Jorion (1996). CVaR, on the other
hand, appearsto be the metric of choicein the insuranceindustry, see,e.g.,
Embredits, Kldppelberg and Mikosd (2000). Axiomatic characterizations
of risk metrics|the notion of coherene suggestedy Artzner (1999)et al.|
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Figure 6: Distribution of returns for the minimum risk portfolio obtained
using the CVaR model at the .95 (top) and .99 (bottom) probability levels.
Note that the °at tail of negative returns worsethan -80%|pronounced in
Figure 4 when using a MAD optimization|has beensigni cantly reduced,
especially at the higher accuracyof .99 probability.

favors CVaR, which is coheren, over VaR, which is not coheren.

Notions of coherencenotwithstanding, the fact that CVaR provides a
boundfor VaR, and the increasingacceptanceof VaR estimatesby regulators,
has somewhatshadaved the debate. Figure 7 shaws the estimated VaR of
CVaR optimized portfolios obtained with and without simulations of the
tails. As expected CVaR provides an upper bound for VaR. Howeer, this
bound neednot be tight, especially when the tails are properly simulated.
Furthermore, the frontier of VaR against expected returns for the CvVaR
optimized portfolios neednot be excient. The distortion of the VaR frontier
is pronouncedwhen the tails are properly simulated.

The results in Figure 7 clearly make the point that the choice between
VaR and CVaR hassigni cant rami cations in the risk managemet of credit
risky portfolios. Giventhe °at tails witnessedin the simulations of this pa-
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per, and the coherenceropertiesof CVaR, we arguethat CVaR optimization

providesthe appropriate risk managemen framework for credit risky portfo-

lios. The adoption of CVaR criteria for credit risk managemenby Andersson
et al. (2001)waswell justi ed, although their model doesnot include all the

sourcesof risk incorporated in the simulations of Jobst and Zenios(2001).
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Figure 7: The CVaR ezxcient portfolios (solid lines) and its estimated VaR
(doted lines) with tail e®ects(top gure) and without tail e®ects(bottom
“gure). CVaR estimatedat the .99 probability level.

5 Long term performance with short term
tails

When optimizing a portfolio performancefor the long run, the short term
e®ectsare ignored. This has beenthe tradition in myopic single-period op-
timization models. Ignoring the short term e®ectscan be catastrophic in
the presenceof tails. In particular the long-term (expected) potential of a
portfolio strategy may never berealizedif a tail evert in the short run results
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into bankruptcy. Long Term Capital Managemehn is a casein point. When

their fund su®eredossesof 80% in Septenber 1998the New York Federal
Resene orchestrateda bailout. Fourteenbanksinvested$3.6billion in return

for a 90 percent stake in the rm. The fund evertually recoveredits losses
and postedpositive returns, but the original stakeholderswerenot there any

more.

We look at the short term e®ectsof the tails on the portfolios obtained
with the MAD andthe .99-CVaR optimization models. Wetake the minimum
risk portfolio from both models at a 12-morth risk horizon, and simulate
using out-of-samplescenarioghe distributions of returns at months 3, 6 and
9. The results for the portfolios obtained by the two models are shown in
Figures 8 and 9 respectively.

The expectedreturn of the MAD optimized portfolio over the 12-morth
period is 5.5%. The worst caselossesare of the order of -2%in the rst three
months, but they jump to -80% at months 6, 9 and 12. The probability of
theselossesalso increaseswith time|from 0.04%at month 6 to 0.22%at
month 12. Although the probabilities are small, theselossesare potertially
catastrophic. The expectedreturn of the MAD optimized portfolio increases
with time, but sodoesthe probability of a catastrophicevert that will block
the path towards the long term potertial.

The expectedreturn of the CVaR optimized portfolio over the 12-morth
period is 7.2%. The worst caselossef this portfolio remain at around -10%
throughout this time period. The probability of lossesncreasedrom month
3 to morth 9, beforeit is reducedat mornth 12 which has beenoptimized.
In any ewvert theselossesare not catastrophic, and the long term expected
return can be achieved. Not only the CVaR optimized portfolio has higher
expectedreturn than the MAD optimized portfolio in the long run, it also
has better downsiderisk pro le in the short run.

6 Concluding remarks

This paper has highlighted the pitfalls when oneignoresthe low-probability
costly everts of default while integrating credit risky assetsinto portfolios.
The shape of the risk pro Te of the portfolio is a®ectedsubstartially by the
tails causedby credit everts. In order to tradeo®ezxciently long term ex-
pected return with risks we must recognizethat the risks are in the tails.
The extreme credit everts must be properly simulated with suxcient accu-
racy. Furthermore, a risk metric must be chosenthat accuratelycapturesthe
impact of the tails. Conditional Value-at-Risk provides sud a metric. Its
useensuresthat long term goalscan be met, without su®eringcatastrophic
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blows from the tails in the short run. The models deweloped in this paper
for limiting tail e®ectsshould also be applicableto portfolios of assetswith
correlated defaults, sudh as collateralized loan or debt obligations. This is
an areaworth exploring.
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Figure 8: Distribution of returns of the minimum risk MAD optimized port-
folio acrosstime, usingout-of-samplescenarios.Catastrophiclossesare prob-
able after the rst three months.
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Figure 9: Distribution of returns of the minimum risk CVaR optimized port-
folio acrosstime, using out-of-samplescenarios.Worst casereturns are lim-
ited to around -10%throughout.
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