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Abstract
In this paper we empirically investigate models of insurance futures derivative contracts.

1 Introduction.

In the fal of 1993 the Chicago Board of Trade (CBOT) started trading a contract designed to securitize
catastrophe risk, which is currently done in the reinsurance markets. There are obvious advantages to trading
on organized exchanges (standarization, liquidity, much reduced credit risk, etc) as opposed to OTC markets.

There has so far been little academic work on these contracts. In this paper we look at the price history for
the first two years within the context of a pricing model of Aase [1995]. The questions we investigate are

Z Does the model seem to be able to explain the data?
Z Are the estimated parameters meaningful. (E.g: Does the risk parameters seem meaningful ?)

Z In what dimensions do the model have problems?

2 Contracts.

2.1 Futures.
2.2 Options.
2.3 Spreads.

3 Data.

Our data consists of the observed prices for various insurance futures derivatives. The time period is the first
two years of trading. Appendix B lists the contracts in more detail.

Figure 3 gives an example of the typical price development for the SEP 94 40/60 spread contract.

Figure 1 Price observations for the SEP 94 40/60 spread contract.

We are also getting data on the underlying claims process, which will be incorporated in the estimations in
a later version of the paper.

"Norwegian School of Economics and Business Administration and Norwegian School of Management. We thank the Chicago
Board of Trade for providing the data for this study.



transaction exposes the insurer to relatively high transaction costs presumably to protect the
reinsurer against adverse selection.

Adverse selection is also present in traditional reinsurance even if transactions are
supposed to take place under umberrimae fidei. The rating system for insurance companies
by e.g., Insurance Solvency International may be taken as an indication of this. Traditional
insurance against shortfallsin the harvest of crops would be practically impossible because
of the adverse incentives this would create for the farmers. Insurance through area yield
options or catastrophe insurance futures are not subject to these kinds of objections since
the contracts relate to anonymous indexes rather than individual crops or contracts, so it
may seem like the problem with moral hazard is essentially eliminated with these new
instruments. Because of this and the absence of adverse selection, the low transactions
costs that are common to traditional futures contracts could be presumed to prevail aso for
these new types of contracts. Furthermore there should be the advantages of liquidity
associated with ordinary futures markets. Put together this new market is likely to improve
welfare.

The paper deals with the delicate problem of pricing catastrophe risk, as such, risk
which is priced in this model and not treated as unsystematic risk. In the representation of
the loss ratio index, we follow insurance tradition by using a standard actuarial approach.
The presented model thus combines economic theory with actuarial practice and theory.

The paper is organized as follows. In section 2 the underlying economic model is
presented as well as the pricing results from general equilibrium theory under the kind of
uncertainty indicated above. In section 3 the theory is applied to futures contracts on
indexes represented by random marked point processes, and in section 4 some applications
are made to the CBoT market, where a simple futures pricing formula is derived. In section
5 derivatives on the futures index are discussed, and as some particularly important
applications we analyze in detail a futures cap, afutures call option and a futures spread. In
section 6 we offer some concluding remarks.

2. The economic model

We consider a pure exchange economy along the lines of Aase (1992, 19933, b).
2.1 The model of uncertainty.

A complete probability space (£2, 7, P) is given, where € is the set of states of nature
with generic element w, ¥ is the G-algebra of possible events on (£, 7). A random measure
v(w, A; t) is defined on (2, 7, P), where v(A; t) is the number of jumps some fundamental

stochastic process makes in the time interval (0, t] with values falling in the set A, A € 34,



where B¢ equals the Borel measurable subsets in RY. The interpretation is that at random
time points T;, T5, "+ events happen and a corresponding sequence of jumps U(l), U(z),
-+ with values in RY are realized by the fundamental stochastic process. The economy has a
finite horizon 7= [0, T]. The flow of information is given by a natural filtration. i.e. the

augmented filtration { #; t € 7'} of ¢-algebras of ¥ generated by v. Let L be the set of

T
adapted processes satisfying the integrability constraintEU Y(t)zdt)<oo.
0

We assume that the preferences of | agents, I={1,2, ..., I}, can be represented by
utility functions U'which are additively separable, that is
T
(2.1) Uix®) = E{J.ui(X(i)(t),t)dt}, ie I,
0

where u;: Lx [0, T] — R is sufficiently smooth. Conditions are known on the

“of the agents, and the utility functions U'for a

endowments, or accumulated portfolios X
contingent-capital market equilibrium of the Arrow-Debreu type to exist (see e.g. Araujo
and Monteiro (1989) and Duffie and Zame (1989)). Given an equilibrium, a utility function
representing the market is a function U, of the form

I
2.2) UL(X) = max D kUKD subject to T, x® < X,
Xi€R vin
such that (¢, X) is the no trade equilibrium for the single agent economy (U, X), where @
is the pricing functional. The function U, is also known as the utility function of the
representative agent (see e.g. Lucas (1978)). Under assumptions known in the literature it
has been shown that there exists a contingent capital market equilibrium (@, XDy with a

function Uy for some k € R.. Let u, be defined by

1
@3 ui(X.t) = max Zkiui(X(i), ) subject to 241 XP < X,
XM in
T
Then U, is additively separable, i.e. U (Y) = E{Juk(Y(t),t)dt} forany Ye L,andk € Ri
0

can be picked so that, forany Y € L, ¢(Y) = E{J-uf((X(t),t)Y(t)dt}, where X(t) = 2,;X%(1)
0

is the aggregate endowment in the market, and where prime stands for differentiation with



respect to the first argument. Our underlying assumption is that the vector of dividend
processes in the market are marked point processes driven of random measures explained
in the beginning. We may change to real security price processes S defined by $(t) =
Styp(1), where p(t) is the spot price of the aggregate endowment X. With these conventions,

the following result can be proved (see e.g., See Aase (1993b))

Proposition 1

Let {(Q2, F {#}, P), (Ui, Xy, D] be a security-spot market economy such that:

(a) U is additively separable and “sufficiently” regular,i=1, 2, -1

(b) The aggregate endowment X = 2,X® is bounded away from zero.

Then there is a capital market equilibrium with a set of Pareto optimal allocations {Y(i)(t);
0 <t <T} and a market representation U}, additively separable and “sufficiently” regular,
for which the real price process S of the real dividend process D satisfies

T
(2.4) S = ﬁE{J’u{((Xs,s)dﬁ(s) | fﬁ}, P-as., t<T.
t>

t

2.2 An insurance index of the CBoT-type

We now think of the model above as an insurance syndicate, where each member is
l . .
characterized by a utility function U* and net reserves XP(t) = w{’ + La(‘)(s)ds - 70,

where w8) is the initial endowment of insurer i, a(‘)(t) is a premium rate, a predictable
process, and where
N9

t oo

25y 20w = [ hPusyvOidu: ds)= > hO <= Y p®

25 zZ (t)—J N (u,s)v(du; ds) = ) hV(U,t)l(t, s = 2 h¥W(Up,ty).
0

+ n=1 n=1

Here N(i)(t) is the number of claims incurred by time t in the portfolio of insurer i, R, =
[0,00), v® is a random measure on R,,and h(i)(Un,‘tn) is the size of the n-th claim

occurring at time T,

We now define an index of insurance claims as the aggregate of processes of the above
type, i.e. let
t

(2.6) X)) =W(@) + J;)a(s)ds —Z(1)



t
where W is a stochastic process independent of the insurance claims and where I a(s)ds =
0
premiums earned in the market by time t. The length of the calendar quarter (the “event
T
quarter”) equals T, and J:) a(s)ds = I is known before the event quarter starts. In general a,

is a (possibly time-varying) premium rate, which may be a bounded variation, predictable
stochastic process. The stochastic process Z(t) represents the aggregated claims by time t
reported to, say, the ISO pool. Since claims, and in particular catastrophes, can not be
considered as infinitesimal, we represent Z by a process of the type

t oo N()
2.7) Z(0) = 6[ J‘R*uv(du; ds) = EUnl(tn <t)= EUH

where N(t) is the number of claims incurred by time t, R, = [0,00), and where U, is the
size of the n-th claim occurring at time t,,. This interpretation will be used in the rest of the

paper. For more on this model in reinsurance markets, see e.g., Aase (1992), (1993 c).

3. Futures and forward contracts on insurance indexes
3.1 The CBoT-index

In this section we apply the results of the previous section to the pricing of forward and
futures contracts on insurance indexes. We start by describing the index introduced by the
Chicago Board of Trade in December 1992, but we do not intend to give any detailed
explanation of these contracts, only the skeleton necessary to understand the principles.

Before the insurance risk can be securitised, it must be standardized. In the case of the
CBoT’ S catastrophe insurance contracts, this meant devising an index on which to base
derivatives. Unlike the equity, bond or commodity markets, the insurance market has no
obvious, continuously updated underlying cash price. The solution chosen by the Board of
Trade is the loss ratio index, calculated by the Insurance Service Office, which uses data
from at least 25 designated reporting companies. The loss ratio is the dollar value or
reported losses incurred in a given quarter (the loss quarter) and reported by the end of the
following quarter (the run-off quarter) divided by one fourth of the dollar value of the
premiums collected in the previous year. The contract value is $25,000 times the loss ratio.

The premiums in the pool is a known constant throughout the trading period, and price
changes are attributable solely to changes in the market’ s attitude towards risk and

expectations of loss liabilities at each time t, given the available information at that time.



Theideafor the insurersisto use this market to hedge against unexpected losses in the
following quarter. Clearly, if the loss ratio of the pool is not perfectly correlated with that
of the insurer, this hedge will not be perfect. The splitting of the index into different
regions, with some common pattern of risk exposures within each region, and with the risk
inhomogenity being between the regions, is clearly an advantage towards making the hedge
more effective.

The opposite side of the market (sellers of futures) consists primarily of investors and
speculators. We should add here that the way the loss ratio index is constructed may lead to
amoral hazard problem. It would be an advantage if it had been a purely scientific index of
some sort.

A perfect hedge can only be obtained using traditional reinsurance, but since insurers
business is precisely that of risk bearing, they will normally not be interested in a “perfect”
hedge, since the best they can hope for then is profits close to the riskless rate, which will
not satisfy most stock holders of insurance companies. Partly due to adverse selection, a
perfect hedge can be expensive, and sometimes traditional insurance isimpossible to
obtain. This new futures insurance market may therefore be an excellent innovation in the
insurance business, and possibly improving welfare at large through better risk sharing and
risk distribution, at least when combined with traditional insurance and reinsurance.

Since risk averse insurers are seeking “reinsurance” protection in the CBoT futures
index, they should normally be willing to pay arisk premium for this protection. On the

other side are the investors requiring compensation for bearing risk.

3.2 Forward (and futures) prices on insurance indexes.
Returning to the general economic theory in section 2, consider now a forward contract

written on an index Z. The aggregate endowment process appearing in Proposition 1 is
t

then X(t) = W(t) + J:)a(s)ds —Z(t) forall0 £t <T. We now set

t

(3.1 p(t) = cxp(— J r(s)ds),
0

where r is the short term world interest-rate in the market, which we assume exogenously
given for the moment, making our approach a partial equilibrium analysis. We return to a
full equilibrium model below. With an appropriate independence assumption, our price for
the forward contract will also coincide with the futures price. Thus we concentrate on
forward contracts for the moment. We denote one fourth of the dollar value of the

premiums collected in the previous year by I'l. To this end, the real accumulated dividend



process D for the forward contract is given by

0 whent<s<T
(3.2) D, ={

S

(Zr -F) whens2T

where Z(T) = Z(T)/IT is the loss ratio. Furthermore, the spot price S(t) of a forward

contract is zero. We now use the pricing rule of Proposition 1 and get

o E(uiX1, )21 | %)
E{ui(Xp,D | %)

Since our application isto the insurance market, where it seems reasonable to assume that

(3.3)

fort<T.

the short interest rate r is conditionally statistically independent of Z, given %, we should
perhaps anticipate that the theoretical futures priceis close to the forward price. More
precisely, the following can be shown in the present model:

Proposition 2.

Then the equilibrium real futures price process F(t) is given by

E{uf((XT,T)Z(T)exp{J-(tﬂr(u)du} | 7}

3.4) F(t) =
E(u(XpTexp| j( rwdu | 7)

A proof can be constructed using the definition of afutures contract.

In the case that the interest rate process r is conditionally statistically independent of the
insurance loss ratio index Zr and endowment process X, given ¥, the formula (3.4)
reduces to the expression (3.3). Without the independence of r and X, still this may happen

for certain u,-functions, as we shall see below.

3.3 An equilibrium model involving also interest rate

In afull equilibrium model also the interest rate r must be endogenized, and thisis possible.
Referring to Aase (1993a), it follows from the analysis there that the equilibrium interest
rate r(t) is given by the expression

_ m(t)
(35) r(t) - uf((Xl,t) [}
where
(3.6) m() = S ul (X (0,0 + uX@O0a) +

JR JuX, - R (u,1),) — uf(X,1) + uf(X O (u,t) JAOF(5du),

where F(s; du) is the claim size distribution, and where h*stems from the representation



(3.7) dZ(t) = JR dh"(u,t)v(du;dt) fort<T.

In words; there exists an equilibrium under our stipulated conditions, in which the real
interest rate process r(t) equals minus the growth rate of the market’s marginal utility for
aggregate wealth.

If the dimension d islarge enough, all the relevant assets could in principle be included
in the model. In such aworld it would not be a natural assumption that r is independent of
Z; in fact the main reason for adopting this more involved model is precisely to take into
account a possible dependency here. Such a stochastic association is then motivated from
the fact that we are considering catastrophes, which, after having occurred also may
influence the values of the interest rate r (consider e.g. a scenario with amajor earthquake

in Tokyo).

3.4 An interpretation of the market price of insurance risk.
Returning to the model explained in section 2, consider a predictable process h.
Stochastic integrals can be defined with respect to such processes as follows:

t oo
(3.8) hev, = Oj IR (s uv(dy; ds) = ;h(tn, U™t <),

where 1(B) is the indicator function of the set B ¢ Q. We assume that the (P, ) -
predictable intensity-transition kernel A(, t; du) associated with the random measure Vv, the
dual predictable projection of v, can be factored into a conditional joint probability
transition kernel F(w,t;du) and a non-negative ¥, - predictable intensity process A(w, t) as
follows
(3.9) A(t; du)dt = A(DF(t; du)dt, te T,we Q.

For any dividend process D there exists a probability measure Q equivalent to P - an

equivalent martingale measure - such that for some predictable hp(t,u)
t
(3.10) D, = JJR Jfip(s,u)¥(du; ds),
0

under Q, where V is a centered random measure under Q, and (A", F*) are the local
characteristics of v under Q: The equation (3.10) is a consequence the martingale
representation theorem and Girsanov’s change of probability theorems for random
measures (see e.g., Jacod and Shiryaev (1987)). The Radon-Nikodym derivative &(T) =

d
d_(lg and its associated density process £(t) = E((T) ‘ 4, is given by



t
G.11) E@) = (I_Iu(‘tn)v(tn,U(“))l('cn < t))exp{”Rd(l ~ (s)v(su) JASECs: du)ds}
n 21 0

for any t € [0, T]. The local characteristics A* and F* of the random measure v under Q are

given by A*(t) = w(OA(t) and F*(t; du ) = v(t,u)F(t; du), where

T
(3.12) Ju(t)?»(t)dt < oo, P-as.
0

(3.13) j NOWE(E duy =1, Vie 7, P-as.
R

The two terms p(t) and v(t,u) we interpret as the market prices of frequency risk and of
claim size risk respectively. Using It6’s formula on the term In(ui(X(t),t)), we may
compare terms in the relation u(X(t),t) = p()E(t), where &(1) is interpreted as a state price.
After some calculations we obtain
up (X(0)-h*(t,u),0)

u(X(1),0)
Noticing from (3.7) that h*is positive, under risk aversion we see that the product

(3.14) p(Ov(t,u) = 0<t<T:ue R%

H(Ov(t,u) > 1 for all u and t, and since v(t,u) is a density for each t, (2.16) implies that pu(t)
> 1 for all t = Q. Thus, in a risk averse insurance market, the risk adjusted frequency A of
the claims is larger than the (objective) frequency A.

Asanillustration, consider the case of power intertemporal utility function and time
separation, i.e. up(x,t) = eP'x¥! x >0, t>0, where p is the subjective time impatience
discount rate, and (1 — ) is the intertemporal coefficient of relarive risk aversion. Here we

get

(3.149) H(tv(t,u) = —-1—, 0<t<T:ue Rd,

hX@w 1oy

where h%(t,u) < X(t). For the exponential intertemporal utility case we have ul(x,t) =
eP'e®™ x e R, 120, and now we get
(3.14b) HOV(Lu) = e W 0<t<T;ue RY,
where a is the intertemporal coefficient of absolute risk aversion.

We see that when the insurance claim size hx(t,u) increases the term p(t)v(t,u)
increases. This seems reasonable in view of our interpretations of the terms jL and v.
Furthermore, in both the above cases we observe that the term v increases as the

respective type of risk aversion increases. We return to these examples later.

10



4 A model for catastrophe futures contracts

4.1 Introduction

In this section we apply the results of the previous sections to the pricing of futures
contracts on insurance indexes for a specific model.

4.2 A basic futures formula

In order to illustrate the ideas we make some simplifying assumptions. For the
representation of the claims index Z(1) = lii(i)Yi we assume that Z(t) is a compound
Poisson process with gamma (n, W) distributed claim size amounts, and with frequency A.
In this case Y; = Y/I1 is also gamma (n, pIT) - distributed, and as before Z(t) = Z(t)/I1 is
the loss ratio index. The model X(t) = wg + at — Z(t) is called the Lundberg model, well
known in insurance. Here both w, the initial endowments, and the premium rate a are
constants. Assume now that the aggregate endowment process X(t) = W(t) + at — Z(t),
where W is some stochastic process independent of Z. Furthermore we assume that the
marginal utility function of the representative agent is of the form ui(x,t) = e **e” P', where
o is the intertemporal coefficient of the absolute risk aversion, a constant here assumed
smaller that the parameter |, and where p is the subjective time impatience rate of the

market. We now want to show that the following:

Theorem 1
Under the assumptions above, and assuming that the short rate process r is conditionally

independent of Z, given #, the following futures formula obtains

nuW"A(T - 1)
n(u _ a)n+l
Proof: Direct computation. Alternatively, see section 4.5.

(4.1) F, = $25,000 (2, + ) fort <Tand0<a<p.

4.3 Discussion of the futures formula.
Notice that the formula (4.1) only depends on parameters that can be estimated from
market data. In particular this is true for the process parameters n, p and A, but also o may

be estimated from available data. The formula (4.1) can be written, modulo $25,000,

_ n}\.(T _ t) u )I‘H-l _ u )ﬂ'f‘l
=2+ () =arEe-zl ()
the last expression being true since E(Zr - Z | F) =A(T - t)_%ﬁ’ which follows from our

remark in section 4.2 concerning the distribution of the loss ratio Z. We remark the

1



following:

F, depends upon preferences in the market through the parameter o = intertemporal
coefficient of absolute risk aversion in the market. The futures price process F,is seen to
increase as o increases, ceteris paribus, i.e. more risk aversion in the market leads to more
expensive “reinsurance” as well as to higher required risk premiums for the
investors/speculators on the opposite side of the contracts. This seems to be well in
accordance with intuition.

In addition F, increases, ceteris paribus, with the time to settlement (T ~ t), with the
claims frequency A, and finally, as the expected sizes of the claims increase through the
parameter n (EY; = n/u).

It may be noticed that the expression F, does not depend on the endowment process W
in the market. Thisis a consequence of the fact that for the exponential utility, the absolute
risk aversion is not depending on the level of wealth. Thisis of course one unrealistic
feature of our model, since it would indeed be desirable with some kind of wealth
dependence on F, (even if the probability distribution of W is not really known).

The futures price process F, is seen to depend upon the premium level I1 = aT,
however, a known quantity in this market. More precisely, as the level of premiums

increase, ceteris paribus, the futures price F, decreases.

4.4 Risk premiums
From the information manual of the CBoT - market, it seems as if no economic risk
premium is included in the values of F, calculated so far. Of course, the market will decide

the futures prices and hence the risk premiums, not the actuaries. In our model the risk
premium equals

4.2) F~{Z+EZr-2| 7)) = ;;‘,—ux<T—t>{(u*_‘a)m— 1}

' n+1
Since a < [, the term (ﬁ) > 1 for n a positive integer, so the risk premium is

positive, in accordance with our earlier remarks. Under risk neutrality o = 0, in which case

V)
T
risk aversion in the market. For a given value of U, the risk premium is an increasing

n+1
it follows from (4.2) that the risk premium is zero. Thus the term ( ) corrects for
function of both o and n, and for given values of o and n, the risk premium is a decreasing
function of W. Since EY, = n/t and varY, = n/u?, an increase in W leads to a decrease in
both the expected size of the loss and in the variance of the loss, so as a result arisk averse

market would tend to require less compensations for risk bearing, also well in accordance

12



with economic intuition. Finally we notice that the risk premium decreases with the

premium level I1 = aT, ceteris paribus.

4.5 Risk adjusted evaluation

Returning to the results of section 3, we may compute F(t) = EZ+| 7)) by alternatively
finding the distribution of Z under the equivalent martingale measure Q, which in the
present case corresponds to K-v(y) = €*¥, where x here equals the risk adjustment on the

frequency A (called L, in section 3). Let h(y) be the probability density of the gamma (n,

W)-distribution. Since J’v(y)h(y)dy = 1 from condition (2.16), we see that KJ'v(y)h(y)dy ==

—u—L_l—a)“, O<a<u,sok= (ﬁ)n > 1. Thus the risk adjusted frequency equals Ak >

a.

(

Furthermore the claim sizes Y., Y,, - are all independent and identically distributed
with density v(y)h(y), meaning that they are all gamma (n, L — ) - distributed. From the
comments in the above subsection, since o > 0, this risk adjustment amounts to making the
claim size distribution more risky under Q than under P. Thus, in the constructed Q -
economy where the “ pseudo-agents” are all risk neutral, they agree on a probability
distribution for the loss ratio index that is more risky than the objective distribution.

Now the above computation is straight-forward, since Z is a compound Poisson
process also under Q (see e.g. Delbaen and Haezendonck (1989), Aase (1993c)) and F(t) =

B2l 7)) =2, + B2 -2, ) =2, + Aw(T - o _rz 5 % which is exactly the formula

(4.1). Thus we here have an aternative proof of Theorem 4.1.

The condition that X, = W(t) + at — Z, is a (Q, #)-martingale, gives us a possibility to
find endogenously the market value of the premium rate a, or of the premium I1 = aT.
Since X(0) = EX(T) | %), and W(0) = X(0), we get that IT = aT = EX Z(T) | %) + (W(0)
~-EQwW(1)), or

(4.3) I = H;p
(u _ (X)n+1

with an obvious simplification if also W is Q-martingale.

+(W(©)-EW(D)

In conclusion the formulas (4.1), (4.2) and (4.3) for the market value of the insurance
catastrophe futures contract, the associated economic risk premium and the market value of
the insurance claims for the next quarter all seem to capture well some essential economic
features of the pricing of the risky instruments under investigation. In the final section of

the paper we turn to the pricing of derivatives on the futures index.
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in the timeinterval (t, T], in which case the size of the additional claims equals zero, an

written

(5.6). The expression (5.7) follows from (5.3) and the above result, assuming the

We notice in particular that the market price of the conventiona instrument depends in
addition on the time impatience rate p of the representative agent.

The formulas (5.6) and (5.7) may be taken as the starting point for deriving useful
pricing formulas for futures derivatives in practice. Usually one would expect that
numerical techniques must be employed, but we are indeed able to derive closed form

expressions and approximations below.

5.4 A futures cap
As an important illustration of Theorem 2, let us consider a cap in where ¢(Zt) = $25,000

rmn(irr)

T’ 2). In ordinary reinsurance this contract exhibits similar characteristics to a

non-proportional reinsurance treaty with an upper limit. We concentrate on the pure futures
derivative, since the conventional market price just differs by some multiplicative constant,

given the information at time t. Consider the case where Z, < 2.

Theorem 3

Thereal market price at timet of the futures cap with expiration T is given by

(5.9) A1) = 3;25,000[1:t +

n n+l1
exp{— (= m@ - 2) - MT-0( ) }((2 - 20%; - M) 20)],
where

17



MT-0)G, )“)“

(5.10) £y = Z e (0TI 2,),
k=0
MT-0), By
(5.11) 5=y € (-0)TI(2-2)),
k=1
and where
x2 xn-l
(5.12) e X)=1+x+ 57 T +GT),

The market value of I'l = aT is given in (4.3).

Proof. Let min (x, y) = (xAy). If Z, > 2, obviously n®**?)(E,,t) = $50,000, so let us
consider the interesting case where Z, < 2. According to Theorem 2 we then have to

compute

E{(Z+VA2] 2.} = Z, + E{(Vn2-2)| 2.} =

7 + J min(¥, 2-Z,) (th(kn)) kn-1o- (-0)vyy, =

aT(u ~o T kn+1, (u-0)TIC2- 2)) + 2= Z)(1 - T(kn, (u-o)I1(2-Z,))

where I'(n, {1x) is the cumulative probability distribution function of the Gamma (n, W)-
distribution, called the incomplete gamma function. Since n is supposed to be an integer,
we have the following relation

(5.13) I'(n, ux) = 1 — e, 1 (Ux)e™

(see e.g., Abramowitz and Stegun (1972)). Using (5.13) we obtain

E{(z[+vk)/\2 I Zt} = Zt + %}T_w‘(l — ekn((u_a)n(z_zt))e'(“—-a)n(z-i l>) +
@ — 2)ern 1 (L-)TIQR-2)e #O1C 2,
Inserting this into (5.6) we get

RV SR MT-0) 5 )“)“
n*D(F, 1) = $25,000{e hoor {Z + Z k, (Zt +
k=1 )

kn

aT(i-1) (1 e ((L-0)TI(2-Z))e -(u-o)lI(2-Z l)) + (2 - 2)er 1 (- a)H(Z-Zt))e'(‘"a)n(z'Z t))}.

Consider now the series. The first two terms are:

u 1!
AT - )(——)® n AT -t(——)"
z(e w m1)e -y )e e,

aT(u o)
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and the last two terms can be written
MT-0)g )")k

__n oy o (o Z)
_ _ ] ,.
aT(iL — o) AT t)(p - 2 e n((H-OTI(2-2,)) +
(-T2 7 3y (}\'(T-t))( - )n)k )
(2 -2y BONEE Y X en1 (U-0)TI(2-2,)
k=1

Using (5.10) and (5.11) we obtain the conclusion of the theorem. [

The two last terms in (5.9) adjust the futures price F, given in (4.1) for the capping off
at the 200% point of the loss ratio.

The above formulais fairly simple, and can be further simplified by observing that the
sum in (5.12) converges quickly to e*, so that for n large or moderately large we may
substitute the exponential for this truncated sum. Assume now that this approximation is
reasonable. We shall comment on the error we are doing below. In this case we get the

M
sl

approximations

(5.14) To= exp{ (-T2 - 2) + MT - t)(u

and

TN 1
- a) [ eXP{(u - Q-2

where the given formulas are both upper bounds. Inserting these expressions into (5.9) we

(5.15) %, = exp{(p. — 12 -2) + AT - t)(

get the approximation

(5.16) nAD(E ) = $25,000[2 +(2,— 2)exp{— MT - t)(u . a )rﬂ

We see that the futures cap price approaches $50,000 from below as Z, approaches 2
from below. Held together with the result for Z, = 2, the cap price is seen to converge to
$25,OOOZT as time t moves to the expiration time T. Since Zt < 2 in the above formula, we
observe that as the risk parameter L increases, the futures cap price decreases. Furthermore
the market price in (5.16) is seen to be an increasing function of the claim frequency
parameter A, of the claims size parameter n, of the intertemporal absolute risk aversion
parameter o of the market, and of the time to settlement (T — t). In the case of a
conventional futures cap, this priceisin addition a decreasing function of the subjective

time impatience rate p.

5.5 The bound of the approximation error
Here we give a bound on the approximations (5.14) and (5.15). Let us use the notation x =
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AT - t)(LL oy

Given positive constants K > 0 and € > 0 there exists an integer n, such that if l X l <K,

n
) and y = (U — a)(2 — Z,), where both x and y are seen to be positive.

lyl <K and n 2 ng, then
(K +¢e)"*! x K+t
(n+1)! (n+1)!
which tells us that the approximations we have done are good for n even of moderate size,

|e"+y—20| <ek and|(e"-1)ey——2'.1|<e

due to the rapid increase of factorials. Since the bounds of the above sums are both upper
bounds, and since these sums appear with opposite signsin all our pricing formulas, the
final error is further reduced. However, in certain ranges of the parameter values the
approximation is poor, for example when the term y gets large, which means when Z, is
small relative to 2, or in general, compared to some cap-off-point ¢ (see (5. 18)-(5. 19)
below).

5.6 Futures call options

In this subsection we compute the market price of futures call options. This contract
mimics to some extent a standard stop loss reinsurance treaty. Again we only treat the pure
futures version. Let us denote the market value of the pure futures call option by

% (F,1), where ¢ stands for the call exercise price, where ®(x) = (x —¢)* = max(x — c,
0O). Assuming the futures call option has the same expiration date as the underlying futures
contract, according to Theorem 2 we have to compute
oo M nk
o AT MT-0) 5™ PR
W E=525000e e {o2y+ Yy — E(2+7 -0 | 2},

k=1

This quantity can now readily be found for the interesting case Z, < ¢ from the results in the

previous section, Theorem 3 and the use of (5. 1) with c instead of the number 2 for the

cap-off point. For the case Z, > ¢ we immediately obtain n(x'cy(Ft,t) = $25,000(F, - ¢).

For Z, < ¢ we now get:

6.17) 7% EL = $25,000[exp{— (w-oIlc-2Z) - MT - t)( b )n}]

H—o
( Y O - 29%%),

aTu H—o
where
K ink
= (MT-HD)(——)"
(5.18) 5= e (- 2,)
k=0
and
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