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ing effects:

ave ave
do, <0, g, <0,
ave

7S <0 (weak effect)

Interestingly, the impact of the correlation effect was negative, but only weakly so. Our
model’'s empirical result thus contrasts with the finding of Longstaff and Schwartz (1994),
who find that “the correlation of a firm’'s assets with changes in the level of the interest

rate can have significant effects on the value of risky fixed-income securities” (p. 23).

5 A Two-Factor Model for the Swap Curve

5.1 A Two-Factor Default-Free Model for the Swap Curve

As noted above, swap contracts are natural candidates for two-factor modeling. Thus, our

first approach models the swap spread as the riskfree discounted expected present value of

the TED spread.

Assume that a vanilla interest-rate swap is default-free. Let v be the time t mark-
to-market value of an interest rate swap receiving fixed and paying floating LIBOR on a

notional amount of $1. The swap rate for maturity T, pr, is then determined implicitly as

follows. At time T — 1/2, for A =1/2,
oI-1/2

=3 (PT —rr-1/2 — ST—1/2) exp {—TT—1/2/2}

for all possible values of v;_l/ 2, rr-1/2 and sy_y/; at T — 1/2. Further, for all values of

vh, r; and s; at time ¢,0<t < T —1/2,
vh = B¢ [} (pr — e — 80) + v§7 %] exp {-r\/2},

where E; (-) is the time-t risk-neutral expectation operator. Now, setting vy = 0 (for t = 0)
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yields the value of the T-maturity swap rate pr.

Now consider the valuation of put swaptions. Let P (¢, T, K) be the price (per unit
notional amount) of a put swaption with time to expiration t, swap-maturity T and exercise
rate K. The value of the put swaption is the discounted expected value of the payoff,
Eo |max {—vt., 0} [l exp{—r,} ds|. From the observable values of the swap rates py and
put swaptions prices P (t, T, K), we can obtain empirical estimates of the model's para-

meters o,, 0,, p. Specifically, if

V (o,, 05, p| t, T, K) = time O value of a put swaption with indicatives ¢, T, K, given
distributional parameters o,, o,, p

P (t, T, K) = market price of above put swaption

w;, wy = weights

then the estimation procedure is

20
2
min | wi ), ("3) +w Y. [V(o,0,p|t, T, K)—P(t T, K)]
{0’,, O,, p} t=1 {t,T,K}
subject to o, > 0, 0, > 0, —1 < p < 1. In implementation, we choose w; = 0, w; = 1, in

order to place emphasis on the higher-order volatility-dependence of swaption prices.

5.2 A Two-Factor Risk Model for the Swap Curve

A default-risk approach to the valuation of the swap curve requires a modification of
the corporate bond-default model. Specifically, if the swap is the sole contract existing
between the two parties, and the two parties currently have identical credit rating, then
the probability of default increases with the absolute value of the mark-to-market on the
swap. We require this assumption of default symmetry, since our empirical swap rates
do not identify the counterparties or their ratings categories.!® Let v be the time ¢t

mark-to-market value of an interest rate swap receiving fixed and paying floating LIBOR

“For a modeling of the swap contract with asymmetric default assumptions, see Duffie and
Huang (1995).
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on a notional amount of $1. The swap rate for maturity 7. pr. is then determined as
the implicit solution to the following procedure. At time T — 1/2. for A = 1/2 and a

partial-recovery-rate parameter k <1,

Y = [1 - A (I vp /? !) A] 3 (PT —rro1/2 — ST-1/2) exp {—TT—1/2/2} +
1k (l v;-l/z l) A (PT —rr-1/2 — 8T—1/2) exp {—7'1‘—1/2/2}
= 2 [1 - (| v;‘_l/z I) A+ kA (| v /2 |) A] (PT —Tr-1/2 — 3T—1/2) exp {—TT-1/2/2}

for all possible values of v;‘_l/ 2 o1 /2 and sp_y/; at T—1/2. Here, | - | denotes the absolute
value operator and A (| z |) A is the default probability as an increasing function of | z |;
the use of | v4 | embodies our modeling of the default intensity as symmetric about zero

point. For all values of v%, r, and s; at time ¢t,0 <t < T —1/2,

vh = [1=-X(v% 1) Al E [} (pr — e — s¢) + v§ | No default] exp {—r./2} +

kX ([ vr |) A|Z (pr —re — 8) + o7 | exp {—r:/2}

y[1=A(lvr|) A+kyA(]vr|) Al exp{—r:/2}

= y(k—1)A(|vz|) Aexp{-r:/2} +yexp{-r:/2}

aX(|vp]) (k—1) +b (7)

I

where

y = E (- | No default) is the risk-neutral expectation operator, conditional on no default
occurring over the next interval”

a=yAexp{—r:/2}

b=yexp{—r/2}

We can solve this equation by positing an increasing function A (| v |) . For simplicity,

11 In the implementation, E (- | No default) uses the probabilities p, g and 1 — p — ¢ — A(s)A
specified in the system (2).

13



assume that in the region of interest, we can write the linear relationship

A(lopf) =elvr .

In this case,

b

S >0
1+tac(l—k 9=
| J—
UT—~
—'—b'—'— fOI' <0
1—ac(l— k) v=

Finally, with these new values of v, the values of the put swaptions are once again
given by E |max {—vk, 0} f¢ exp {—r.} ds|, since the short side of the put swaption has no
incentive to default prior to the exercise of the put. However, the arguments of the value
function V (-) are now incremented by ¢ (1 — k) . Due to the inability to distinguish between
k and ¢ in the valuation of put swaptions subject to default risk, we set ¢' = ¢ (1 — k) and

solve for the new value function V (o,, 0,, p, ¢'| t, T, K).

5.3 Empirical Results

Using the above data, the estimation problem is now

min Y [V(0n, 0,0 ¢|t, T, K)-P(t, T, K)I*
{Ur’ Osy P, C }{t,T,K}
subject to o, > 0, 0, > 0, —1 < p < 1 and ¢ > 0. This procedure permits the estimation

of the model’s coefficients, as well as the test of whether the incorporation of default risk
significantly reduces the unexplained sum of squared residuals. Thus, letting SSR(u) be

the unrestricted sum of squared residuals and SSR(r) be the restricted sum of squared

residuals, the relevant test statistic for the nested test becomes

[SSR(r) — SSR(u)]/ 1
SSR(u)/ (n — k)

which is assumed to have the F (1, n — k) distribution.

14



Table 2 reports the empirical tests based on vanilla fixed-for-floating swap rates out to
a ten year maturity, and 17 put swaption prices for each of eight dates over the period

Jan. 18, 1993 — May 3, 1994.

15



Table 2 — Estimation of Parameters for Defualt-Free and Risky Swap and Swaption Prices

Default-Free Swap Model Risky Swap Model
Date o, o, F) SSR(r) - 10° o, 0, P c SSR(u) - 10° F-test
19940119 0.1665 0.1121 -1 0.2614 0.2104 0.09521 —0.756 0.7454 0.1722 *

19940228 0.1709 0.0624 -—-0.5772 0.1114 0.194 0.08651 —0.3142 0.3863 7.756e—02
19940302 0.1635 0.1508 -—0.9859 7.075e—02 | 0.1763 0.1209 —0.9443 0.2461 5.728e—02

*

19940330 0.1749 0.0781 -—0.4844 0.181 0.2066 0.1838 0.151 0.4958 0.1199 *
19940503 0.1739 0.1469 0.1841 0.1538 0.2026 0.415 0.4521 0.5262 0.1042 *
All above dates jointly: :

0.1707 0.1959 -—0.6723 1.659 0.2034 0.4237 0.0397 0.5381 1.156 * %

Notes:

1. SSR(u) = unrestricted sum of squared residuals

SSR(r) = restricted sum of squared residuals
2. For each date,n =17, k =4
3. Nested F test examines whether the restriction ¢' = 0 (riskless swap) is statistically binding, using

_ [SSR(r) — SSR(u)]/1

F(ln=k) = R k)

statistic

4. % : Statistically significant at 5% level
x% : Statistically significant at 1% level



Several results from Table 2 are noteworthy:

1. At the 5% level, the sum of squared residuals on each observation date is significantly
reduced through the addition of the possibility of default. If we posit the identical
parameter values throughout the sample period, then the significance of default risk

can be established at the 1% level.

2. Broadly speaking, the values of o, are within the reasonable range for the volatility

of riskfree rates of interest.

6 Summary

This paper has derived a two-factor risk model for corporate bonds and interest rate swaps.
The model is parsimonious in its assumptions, uses readily-observable inputs and is esti-
mated empirically from the observable spreads of defaultable bonds and fixed-for-floating
interest rate swaps. The empirical results suggest the importance of explicit modeling of
the default event for both sets of securities. Further, we believe subsequent work should be
focused on modeling the relevant stochastic processes so as to elicit the implied after-default

values of corporate bonds and interest-rate swaps.
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A Construction of the Quadrinomial Tree

Equation (2) in the text specifies the quadrinomial lattice to be used for corporate bond
valuation. This appendix demonstrates the numerical validity of that specification in
fulfilling the first and second moment requirements of the joint process egs. (1).

Consider first the first-moment conditions (3). For i = 1, 2, we require that
Alda; + (p— arA)b; + (g — BAA)ei +[1 —p— g+ AA(a+ B — 1)]d; = 0. ®)

If, however, we wish to specify the parameters {a;, b, ¢, di; ¢ = 1, 2} independent of the

value of A, then eq. (8) must be rearranged
AAla; — ab; — fe; + (a+ 8 — 1)di] + pb; +ge; + (1 —p—q)d; =0 (9)
to produce the following two conditions:

a;, —ab; —fBe;+(a+B—-1)d; = O

pbi+qei+(1—-p—q)di = 0
For i = 1, 2 and 0, = o,, 07 = 0,, the variance condition (4) is
AAalA + (p— adA)BIA + (g — BAA)ZA +[1—p— g+ AA(a+ B — 1)]|d?A = o2,
which implies

a?—ab? - B+ (a+B—-1)d? = 0

pb} +gcl+(1-p—q)d] = of
Finally, the covariance condition (5) is

AAajazA + (p— arA)biby + (¢ — BAA)e1c2A + (1 —p— g+ AA(a+ B — 1)]drdy = 012A

18



which implies

2149 — ablbg - ,30102 + (a + ,3 — 1)d1d2 = 0

pbibz +gcica + (1 —p—q)didy = o032

We now demonstrate the tree can be constructed to satisfy all requirements under the
special case when a = f = a; = d; = 0 and p = ¢ = 1/4. We obtain the following six

equations in six unknowns:

az+d; = 0 (10)
bi+ec, = 0 (11)
b+l = 4o} (12)

by +c2+2d, = 0 (13)
by +c3+2d; = 4do] (14)
bib: +cie2 = 4oy, (15)

The solution to this system can be seen by inspection as follows. Equations (11) and
(12) yield values for b; and c;. Substituting theses into (15) yields b,. Equations (13) and
(14) jointly solve for ¢; and ds. Finally, (10) provides the value of a;. With p = 015/ (0102) ,

the solution to the system is

by = —\/501

a1 = V20

a, = :i:oz\/l —p?

by = o (\/2_/’ + \/ﬁ)
&2 = 03 (ﬁp T \/1_—;)
d; = :Faz\/l_—;

The non-uniqueness of this system can be resolved by appeal to the economics of the
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analysis. Specifically, note that a, is the proportional change in the spread in the default
state; economic intuition would dictate that it be positive. The non-uniqueness of a, and

ds is resolved:

a; = o3\/1—p?
d, = —op\/1-p?

The tree’s computational efficiency may be observed as follows. At time t + nA,

r(t+nA) = r(t)exp {Zn:u (t+1A) A + (n1by + ngcy + nsdy) \/K}

=1

s(t+nA) = s(t)exp{(nibs + nacs + nsdy) VA}

The computational efficiency follows from the fact that the expressions for both r(t + nA)
and s(t + nA) depend only on ny, ny and n3 = n — n; — ny. Thus, the relevant nodes on

the tree are fully identified by the triplet (n, n,, n;).
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B Data

The data consists of the term structures of interest rates for alternate ratings-categories
Merrill Lynch & Co. bond indices.

Selected Indices and Swap Rates
Spread to Treasury Security
No. Index Description Index Description

1. C1B0 Corporate, 1 — 2.99 years, AAA-AA rat- | GA0O2 On-the-run two-year
ed, all coupons Note

2. C1CO0 Corporate, 1 — 2.99 years, A-BBB rated,
all coupons

3. J1A1  High-yield, 1 - 2.99 years, BB-C rated,
all coupons

4. Sswap,2 Iwo-year swap rate

5. CVB0 Corporate, 1 — 4.99 years, AAA-AA rat- | GA0O3 On-the-run
ed, all coupons three-year Note

6. CVCO Corporate, 1 — 4.99 years, A-BBB rated,
all coupons

7. J2A1  High-yield, 1 — 4.99 years, BB-C rated,
all coupons
8. Sswap,s [Lhree-year swap rate

9. C6B0  Corporate, 5 — 9.99 years, AAA-AA rat- | GAO7 On-the-run

ed, all coupons seven-year Note
10. C6CO0  Corporate, 5 — 9.99 years, A-BBB rated, | GF07 Off-the-run
all coupons seven-year Treasury”

11. J4A1  High-yield, 5 — 9.99 years, BB-C rated,
all coupons

12. sgwap,7 Seven-year swap rate

13. C7B0 Corporate, 10 — 14.99 years, AAA-AA | GA10 On-the-run ten-year
rated, all coupons Note

14. C7C0 Corporate, 10 — 14.99 years, A-BBB rat-
ed, all coupons

15. J7A1  High-yield, 10 - 14.99 years, BB-C rat-
ed, all coupons

16. sswap,10 Ten-year swap rate

% : The Treasury has discontinued the issuance of seven-year par bonds.
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C “Bootstrapping” the Yield Curve from Par

For a unit par bond, consider the relation

’ ,
1= PV +PVr.

t=0.5
Write T T-05
> PV, = PV, + PVr.
t=0.5 t=0.5

Now, substitute from eq. (17) into (16):

T-05
1=2Y PV, + (1+°—T) PVr.

2 2

t=0.5
From eq. (18), solve for PVt using the cr’s:

1- (er SIPEPVL) /2

PVy =
T 1+cr/2

Rates

(16)

(17)

(18)

As noted in the text, the cr’s are interpolated linearly between observed values at the

on-the-run points 2, 3, 7 and 10 yrs.
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