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Abstract: Recent literature has trumpeted the claim that extreme value theory (EVT) holds
promise for accurate estimation of extreme quantiles and tail probabilities of financial asset
returns, and hence holds promise for advances in the management of extreme financial risks.
Our view, based on a disinterested assessment of EVT from the vantage point of financial risk
management, is that the recent optimism is partly appropriate but also partly exaggerated, and
that at any rate much of the potential of EVT remains latent. We substantiate this claim by
sketching a number of pitfalls associated with use of EVT techniques. More constructively,
we show how certain of the pitfalls can be avoided, and we sketch a number of explicit
research directions that will help the potential of EVT to be realized.
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because more date are used, but it increases bias because the power law is assumed
to hold only in the extreme tail.

The bias-variance tradeoff regarding choice of m is precisely analogous to the
bias-variance tradeoff in regarding choice of bandwidth in nonparametric density
estimation. Unfortunately, although much of the recent nonparametric density
estimation literature is devoted to “automatic” bandwidth selection rules that

5 Other estimators are available, but none are demonstrably superior, and certainly none are as popular.
Hence we focus on the Hill estimator throughout this paper.



optimizes an objective function depending on both variance and bias, until very
recently no such rules had been developed for choice of m in tail estimation. Instead,
m is typically chosen via ad hoc rules of thumb, sometimes supplemented with plots
of the empirical survival function with the estimated tail superimposed. In our view,
such plots are invaluable -- and although they are used sometimes, they are not used

often enough -- but they need to be supplemented with complementary and rigorous
rules for suggesting a choice of m. Recent unpublished work by Danielsson and
deVries (1997a) offers hope in that regard; they develop a bootstrap method for
selecting m and establish optimality properties. We very much look forward to
continued exploration of bootstrap and other methods for optimal selection of m, and

to the accumulation of practical experience with the methods in financial settings.

2.2 Convenient Variations on the Hill Estimator I: Estimation by Linear
Regression

Although the Hill estimator was not originally motivated by a regression
framework, the basic idea -- assume a power law for the tail and then base an
estimator directly on the extreme observations -- has an immediate regression
interpretation, an idea that traces at least to Kearns and Pagan (1997). Simply note
that P(X > x)=k x™* implies

In P(X>x) = In(k) - aIn(x) @

so that o is the slope coefficient in a simple linear relationship between the log tail of
the empirical survival function and the log extreme values. One should therefore be
able to estimate o by a linear regression of the log tail of the empirical survival
function on an intercept and the logs of the m most extreme values.

We hasten to add that nothing is presently known about the properties of
standard estimators (e.g., least squares) in this context; more research is needed. The
basic insight nevertheless strikes us as important. First, it highlights the conceptual
fact that the essence of the tail estimation problem is fitting a log-linear function to a
set of data. Second, it may have great practical value, because it means that the
extensive kit of powerful tools developed for regression can potentially be brought to
bear on the tail estimation problem. Huge literatures exist, for example, on robust
estimation of regression models (which could be used to guide strategies for model
fitting), recursive methods for diagnosing structural change in regression models
(which could be used to guide selection of m), and bootstrapping regression models
(which could be used to improve finite-sample inference).



2.3  Convenient Variations on the Hill Estimator II: Estimation by Nonlinear
Regression

A more accurate tail expansion, used for example in Danielsson and deVries
(1997b) and asymptotically equivalent to the one given above, but which may have
better properties in small samples, is

P(X >x)=kx*(l+cx™?) &)

where k, o, ¢ and d are parameters to be estimated. Again, the relevant parameters
could be estimated very simply by nonlinear regression methods, with choice of m
and much else guided by powerful regression diagnostics.

2.4  Convenient Variations on the Hill Estimator III: Imposing Symmetry

In many (although not all) financial applications we may want to impose
symmetry on the distribution, which is to say, we may want to impose that the
parameters governing the left and right tail behavior be identical. The regression
technology again comes to the rescue. Using standard methods, one may estimate a
system of two equations, one for each tail, imposing parameter equality across
equations.

2.5  Finite-Sample Estimation and Inference

A reading of the EVT literature reveals a sharp and unfortunate contrast
between the probability theory and the statistical theory. The probability theory is
elegant and rigorous and voluminous, whereas the statistical theory remains primitive
and skeletal in many respects. The reader who has reached this point will appreciate
already certain aspects of this anticlimax, such as the difficulty of choosing the cutoff
in Hill estimation. But the situation is in fact worse.

First, notoriously little is known about the finite-sample properties of the tail
index estimator under various rules for cutoff selection, even under the standard
heroic maintained assumptions, most importantly that the data are iid. In our view, a
serious and thorough Monte Carlo study is needed, standardizing on choice of m by a
defensible automatic selection rule such as the Danielsson-deVries bootstrap, and
characterizing the sampling distribution of the tail index estimator as a function of
sample size for various data-generating processes satisfying the power law
assumption. Such a Monte Carlo analysis would be facilitated by the simplicity of the
estimator and the speed with which it can be computed, but hindered by the tedious
calculations required for bootstrap cutoff selection.

Second, the problem is not simply that the properties of the existing approach
to estimation of the tail index have been inadequately explored; rather, it is
augmented by the fact that crucial variations on the theme have been left untouched.



