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Abstract

We analyze a model of consumer response to variation in product or service quality. The
model, developed in [4], provides closed-form expressions that characterize short-term and long-
term measures of customer loyalty to a supplier. In this paper, we develop sensitivity analyses
that offer a rich characterization of how factors — such as the underlying quality levels of the
suppliers, the customer’s ability to distinguish between good and bad suppliers, and the cus-
tomer’s prior beliefs regarding the suppliers — affect both short-term and long-term loyalty. We
also use the expressions to develop simple normative models for suppliers that wish to develop

effective quality strategies.
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1 Introduction

What is the cost of a backorder or stockout? Of making a customer wait longer in queue? Of a
plane missing an on-time arrival? Of lowering quality standards just a bit? Traditional normative
models in operations management describe these costs as exogenous factors. They are defined as
functions that depend on the magnitude of the service failure: the number of stockouts, the time
spent in queue. Furthermore, the form of the function — whether linear, concave, or convex — is
typically stationary.

There is wide recognition, however, that the use of these costs models does not adequately
account for the damage done by quality failures. Repeated failures, such as stockouts or delays in
queue, may have a cumulative, negative effect on an individual customer’s satisfaction which these
stationary cost functions do not take into account.

Indeed, both current research and practice often avoid quantifying these costs. Rather, they
focus on optimizing production and service systems subject to a service-level quality constraint.
Still, little appears to be known about how to set the quality level of the constraint.

In a companion paper [4] we develop a detailed model of consumers’ long-term responses to
quality failures that is intended to help identify what the proper quality level should be. In our
model, a consumer repeatedly chooses among a set of suppliers, and the outcome of each visit to a
supplier is some (instantaneous) utility. The utility offered by each supplier is, in fact, a random
variable, that reflects the quality of that supplier’s offering: whether or not there was a stockout,
how long the wait in queue was, how fresh the fish was that day. The consumer uses a crude form
of Bayesian revision to keep track of which of the suppliers she prefers. Each time she enters the
market, she myopically chooses the supplier that she thinks is most likely to be best.

The model includes three factors that determine the consumer’s behavior: the consumer’s prior
beliefs concerning the quality of the suppliers, the underlying distributions of utility actually offered

by the suppliers, and a discrimination function which the consumer uses to interpret her actual



service experience and update her prior beliefs. In [4], we develop closed-form expressions that
clearly reflect how these factors work together to determine customer loyalty.

The paper offers two, complementary characterizations of loyalty. The first looks at loyalty as
the duration of one sojourn during which a consumer frequents a single supplier. This short-run
representation is important when a supplier has only one chance at maintaining a relationship with
a customer; once the consumer defects to a competitor she is lost forever. The second defines
loyalty as the long-run relative frequency with which the consumer chooses a particular supplier.
This long-run characterization is appropriate when the overall frequency of purchase is high and
customer switching behavior is more prevalent. In this case, a supplier that loses a customer now
is likely to see that customer again some time in the future.

In this paper, we use the expressions developed in [4] as the basis for sensitivity analyses that
seek to more fully characterize the nature of customer loyalty. Our analyses show that, in both
the short and long run, there are increasing loyalty returns to improvements in a supplier’s quality.
The effect of changes in customer discrimination differs, however, between the short and long run.
Increasing customer discrimination can only hurt a firm in the short run, decreasing the duration
of customer loyalty. In the long run, however, increasing discrimination, may help some firms. In
fact, those suppliers that are helped appear to be those with lower quality. For the short run, we
are also able to characterize the effect on loyalty of changes in a consumer’s prior perceptions.

We also develop simple profit models for suppliers that explicitly integrate the revenue and cost
consequences of their quality choices. These prescriptive models offer insight into how the revenue
response to quality changes may drive a supplier’s choice of quality. In these models, increasing
“loyalty returns” translate into increasing revenue returns, and this strong revenue response to
quality drives a supplier’s optimal choice of quality level. For example, when suppliers compete in
an oligopoly and the cost of quality is, itself, convex and increasing, any set of equilibrium quality

levels for suppliers will be, without exception, symmetric. Furthermore, in many cases there will



be an equilibrium that is unique. Thus, for suppliers that compete on quality the best strategy is
to match the quality level of competitors and thereby “avoid” quality competition.

The remainder of the paper is organized as follows. Section 2 presents background material
on exponential families of distributions, likelihood ratios, and stochastic order relations. Then §3
briefly describes our model of consumer behavior. (For a more detailed development and literature
review, the reader may consult [4].) In §4 we characterize the duration of customer loyalty in the
short-run. In §5 we present analogous results for long-run relative purchase frequencies. Then §6

presents normative models for suppliers, and finally §7 discusses directions for future work.

2 Preliminaries

Below we review relevant material concerning, exponential families of distributions, likelihood ra-
tios, and stochastic order relations. Readers who are already familiar with these topics may wish

to skip this section.

2.1 Exponential Families of Distributions

Many of our results will be stated for exponential families of distributions,
dF(z]9) 2 0o Olgp(z), (1)

where 1(0) 2 log [ e9*dF(z) is the cumulant generating function of some nondegenerate distribution
function F. Examples of one-dimensional exponential families include the following: Bernoulli,
exponential, Poisson, normal with mean 6 and fixed variance, and normal with fixed mean and
variance 6.

A random variable, X, whose distribution is a member of a one-dimensional exponential family,
indexed by parameter § € © C R, has mean Ey[X]| = ¢/(0) and variance varg(X) = ¢”(6). Thus
whenever the underlying family of distributions is not degenerate, v (-) is strictly convex, and the

mean, ¢/(-), is a monotonically increasing function of 6.



2.2 Likelihood Ratios and Stochastic Order

A random variable X ~ F} is absolutely continuous with respect to another, Y ~ Fy, if P{Y €
A} =0 implies P{X € A} =0 as well. In this case we write X <Y or F} < Fb.

If X <Y, then the likelihood ratio of X with respect to Y may be defined as dFi(z)/dF»(x).
The log-likelihood ratio is analogously defined to be log(dF}(x)/dFy(x)). If X &£ Y, then we can
formally extend the definition of the likelihood ratio to be 0 when the numerator is 0 and the
denominator is positive and to be oo when the numerator is positive and the denominator is O.

When dFj(x)/dF>(x) is nonincreasing or nondecreasing in x the likelihood ratio is monotone.
Because the log transformation is itself monotone, the likelihood ratio is monotone if and only if
the log-likelihood ratio is as well.

Recall that X ~ F} is stochastically less than or equal to Y ~ Fy if Fy(z) < Fy(x) for all z € R.
In this case we may write X <54 Y or I} <4 FhorY >4 X or Fy >4 Fi. We will also write
{X1,X9,...} < {Y1,Ys,...} when , X; <y YV, forallt=1,2,....

A monotone likelihood ratio guarantees stochastic dominance. More specifically, a well-known

result is the following;:

Lemma 1 (See Woodroofe [14] or Shaked and Shanthikumar [11])

If dFy(z)/dFy(x) is nonincreasing in x, then Fy <z F.

For two distributions that are members of the same, one-dimensional exponential family, then the

following properties are immediate

Corollary 1
If F(x|0') and F(x|6%) are members of the same, one-dimensional exponential family, then 6' < 62
implies

dF(z|6') _ (@'=02)a—() b)) (2)
dF (x]6?)

is nonincreasing in x, and F(x|0') <g F(x]6?).



3 The Model

In this section we briefly define our model of supplier quality and consumer response. For a fuller

development we refer the reader to [4].

3.1 The Suppliers and Their Choices of Quality Level

A consumer has a periodic need for a product or service, and at regular time intervals t = 1,2, ...
she acquires the good from one of m possible suppliers, indexed i € {1,...,m}. Because there
is inherent uncertainty in the process of delivering the product or service, the utility of the good
supplied to the consumer at a time, ¢, is a random variable, U,.

While the quality of each item or service encounter is uncertain, a supplier can control the
overall level of the utility it provides, and for each supplier this choice of a “quality level” manifests
itself in the choice of a distribution for U;. Let ® C R be the set of distributions from which each
of the suppliers chooses. The set may be finite or countable, or it may represent a continuum of
choices.

We assume that each provider’s choice of quality level is a strategic decision. That is, supplier
i must choose its particular level of quality, #® € ©, independently of its competitors, before
consumers enter the market. We let 7(¢) denote the supplier chosen by the consumer at time ¢ and
assume that, given a fixed %, the utilities obtained from supplier 4, {U; : 7(t) = i}, are i.i.d.with
distribution Fy 2 F(u|6%).

We also assume that the distributions parameterized by § € © are ordered so that 6 > 67
implies that the E[U;|n(t) = i] > E[U¢|n(t) = j]. When the underlying distributions are members
an exponential family, Corollary 1 states that an even stronger condition holds: 6% > 67 implies

{Uilr(t) = i} 25 {U|7(t) = 5}



3.2 Consumer Response

Rather than maintaining a complex set of beliefs concerning suppliers, the consumer partitions
suppliers into two categories — good and bad — with respective utility distributions Fiz and Fg. For
each supplier, 7, and each time, t, the consumer maintains a belief, p, that is simply the probability
that ¢ is good, rather than bad. If the customer visits supplier 7 at time ¢, then she updates her

belief about ¢ using Bayes rule,

‘ ‘ .
b= Pty dFg(Up) ~ hoy L—pi ) dF(U) 3)
! pi1 dFc(Us) + (1 — py_y) dF(Ut) P dFg(U) | 7

and if she does not visit i at ¢, then p, = pi ;. Finally, at any time, t + 1, the consumer myopically
chooses the supplier that has the highest pi.

The far right hand expression of (3) emphasizes how the consumer implicitly uses the likelihood
ratio, dFp(u)/dFg(u), to decide whether a supplier is good or bad. The greater the ratio, the
higher the odds that the supplier is bad. It is natural for the likelihood ratio to be monotonically
decreasing in u. That is, a better experience at a supplier will consistently lead the consumer
to believe that the service provider is more likely to be “good.” Corollary 1 shows that, when
Fp and F; are members of the same exponential family of distributions, the likelihood ratio is
monotonically decreasing.

In [4] we present two possible methods by which the consumer might construct Fp and Fg,
and we demonstrate that if dF(u|0?)/dF(u|6’) is nonincreasing in u for any 6 < @7, then for
either method dFp(u)/dFg(u) will be monotonically decreasing as well. Recall that Corollary 1
demonstrates that, when the underlying quality distributions of the suppliers — F'(u|f), 8 € © — are

members of an exponential family, then this property is satisfied.



4 The Duration of Customer Loyalty

In this section we characterize of the length of time during which a customer remains loyal to her
current supplier, 7. We begin in §4.1 by reviewing closed form expressions, developed in [4], that
bound the expected duration of customer loyalty, as well as the probability that a customer will
eventually “defect” to the competition. In §4.2, we then use these expressions as the basis for
sensitivity analysis, and the results of the analysis give a rich picture of the nature of 7.

Among the results, we find the following. There are increasing returns to loyalty with improve-
ments in quality. More specifically, the expected time to defection is roughly convex and increasing
in u;, and it becomes unbounded as p; approaches p*, a level of quality at which the customer can-
not discriminate whether the supplier is bad or good. Furthermore, p* is strictly less that ¢'(6¢),
the level of quality of a good supplier. Thus, in expectation, loyalty may be assured even though
the supplier is not completely satisfying the consumer.

The probability of eventual defection cannot be eliminated, however, except under extreme
circumstances. This happens only when Fy:, Fg, and Fp are not mutually absolutely continuous.
That is, the only time that loyalty can be completely assured is when the consumer experiences
some level of utility that would have been impossible to obtain had the supplier been bad.

Both the expected duration of loyalty and the probability of defection improve with increases
in the consumer’s prior belief that supplier i is good, pj, and deteriorate with consumer’s prior
belief about the competition, pé. The sensitivy of the time to defection to changes in the priors is
greatest when these priors equal one half, and they decline as the prior approach zero or one. Thus,
consumer loyalty is most sensitive to changes in prior beliefs when those beliefs are not strongly

held in the first place.



4.1 Basic Results

A consumer will buy from i as long as p; > p{ for j = argmax{k : pl < pi}, and we may

characterize time at which the customer first defects as a first passage time for a random walk

t

S =Y X, (4)
s=1
with 7.7.d.increments
AN
X, = log(dFp(Us)/dFg(Us)) (5)

and stopping boundary

. i 1=l
b2 log <<@> X (_pé)) . (6)
P 1=rb
Note that the expectation of X, Eg:[X], is evaluated with respect to the utility distribution actually

offered by supplier i. In turn, the first passage time,

A
T =

inf{t: pi <p)} = inf{t: S; > b}, (7)

is the time at which the customer first perceives that the quality at ¢ is inferior to the quality at j.
This is the time at which the consumer “defects” to the competition.
When Fp and Fg are members of the same exponential family of distributions, (1) and (5) give

us

el0BU—4(0B)} g
X = log <6{9GU¢(0G)}dF = 1/)(9(;) - w(eB) - (9G - OB)Uv (8)

and letting p; 2 Egi[U], we have
EplX] = ¥(06) -~ ¥(08) — (0c —0p) i (9)
Then defining
WS EpX] =0} = ((00) - ¥(08))/ (0 — 05) (10)

we can characterize the first passage time as follows (see [4]):



Theorem 1

i) If 0 < Eg:i[X]| < o0, then

b N vy X
< Eplr] = E(;_[X] = E;[X] = Ex T EZ,-[XP'

(11)

i1) Furthermore, when Fp and Fg are members of the same exponential family of distributions,

then 0 < Egi[X] < oo if and only if —oo < p; < p*, and

bz/(eG — OB) < E, [T] _ (bz + EGi[ST — bz])/(eG — OB) ) (]2)

B = W=

Theorem 1 follows directly from Wald’s [12] characterization of the expected stopping time of
the sequential probability ratio test (SPRT) and Lorden’s [8] upper bound on the expected excess,
Ei[Sr — b]. Indeed, in our model, the consumer implicitly uses the SPRT to decide whether to
remain loyal to supplier ¢ or to defect, and in [4] we also apply well-known results, from Wald [12]

and Siegmund [10], concerning the finiteness of the SPRT to obtain the following:

Theorem 2
If Eyi[X] # 0 and E[e¥X] < oo for all real o then there exists a unique ©(0°) # 0 and a probability

distribution Fg:y(u) such that

(©°)
. (e (w))” () -
dF,iy(u) = <dF9G @) dFpi(u) ; (13)
Py{r < o0} = e P00 Eg o0 [e*‘p(ei)(‘gf*b)} ; and (14)
Pyi{r < o0} < e P00 (15)

Note that, for Fp and F¢ that are members of the same exponential family of distributions, (9)
shows that Egi[X] # 0 whenever y; # p*. Similarly, by substituting (8) into E[e#X], we see that

E[e¥¥] < oo for all real ¢ if and only if Eg:[e¥V] < oo for all real .



4.2 Sensitivity Analysis

The characterization of 7 provided by (11) and (14), is robust with respect to distributional form.
To perform sensitivity analyses of how 7 changes with the model’s parameters, we require addi-
tional structure, however. Therefore, in this section we often assume that the underlying primitive
distributions are members of exponential families. The assumption allows us to develop closed-form
expressions for how the bounds of (12) and (15) change with changes in the model’s underlying
parameters.

Of course, the results of this sensitivity analysis actually hold only for the bounds. Still, we
offer two pieces of evidence that suggest that the behavior of (12) and (15) broadly reflects that of
Egi[7] and Ppi{T < oo} themselves.

First, in [4] we presented three examples of exponential families — for U’s with exponential,
Bernoulli, and normal distributions — in which, for fixed g and 0, we may consider Egi[S, — b]
to be bounded above by a constant that is independent of b°. In these three wide-ranging cases the
behavior of the upper bound is the same as that of the lower bound, and together the bounds offer
a rough characterization of E[r]. See Figure 1 for an example.

In this section we also use coupling arguments that show that the distribution of 7 is stochas-
tically increasing (or decreasing) in ways that are consistent with the behavior of the parametric
bounds. The stochastic order relations, in turn, imply that Eg:[7] and Ppi{T < oo} are increasing
(or decreasing) whenever the bounds are. (They do not, however, imply that the magnitude of the
change is the same as that of the bound.)

Our demonstration of these stochastic orders often relies on the fact that 7 is stochastically
increasing in {Xj, Xo,...}. The following lemma states this formally. The proof of the lemma

follows a coupling argument used by Woodroofe [14] to prove that Pyi{7T < oo} is decreasing in 6.

Lemma 2

10
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Figure 1: Example Lower and Upper Bounds on E[7]

Suppose { X1, X4, ...} <gq {X{,X%,...}. Then defining T as in (7), we have

{rIX7], X5, ..} > {71X{, X3, .} (16)

In particular,
Pi{r < oo} < Pi{r < o0} and Eir] > Ej[7]. (17)
Proof Please see the appendix. O

4.2.1 The Effect of Changes in the Quality Level

Intuition suggests that an increase in the service level provided by the supplier should result in
improved customer loyalty. This is easily demonstrated when the supplier’s service distribution is

a member of an exponential family and the likelihood ratio, dF(u)/dFg(u), is nonincreasing in u.

Proposition 1

Suppose U’ is a member of a parametric family of distributions, indexed by 6, for which 8" < 6>

11



implies dF (u|0") <g dF(u|0?) and that dFp(u)/dFg(u) is decreasing in u. Let {X1,Xo,...|0%}

denote the sequence of realizations (5) for a particular choice of ', Then
01 < 092 — {Xl,XQ,...’@l} <st {Xl,XQ,...wQ}. (18)
In particular, Pp:{T < oo} is decreasing in 0" and Ey[7] is increasing in 0°.

Proof Please see the appendix. O

When Fp and Fg are members of the same exponential family of distributions, we can also
use the bounds of Theorem 1 to say more. In this case, the results hold without regard to the

distributional form of Fy;:

Proposition 2

When Fg and Fg are members of the same exponential family of distributions and 0g > 0p:
i) pi < @t = Eplr] < 0o, and limy,, 1 .- Egi[r] = 00;

i) for u; < p*, the lower bound of (12) is convex and increasing in j;:

o |_¥ | _¥/0c=0s) . O
Opi | Egi[X] (= pq)? O

vl 26/(6c - 0p)
fm) = e o

iii) furthermore, p* < ¢¥'(0g).

Proof Please see the appendix. O

Part (ii) of the proposition formalizes the casual observation, made in [4], that the expected
duration of customer loyalty in roughly convex and increasing in u;. Part (i) shows that the
expectation becomes unbounded as p; approaches p*. Recalling that X = log(dFg(u)/dFg(u)), we
see from (10) that p* the level of quality at which the consumer cannot, in expectation, determine

whether ¢’s distribution is good or bad. Part (iii) goes further and shows that the expected duration

12



of customer loyalty approaches infinity at a level of service that is strictly below ©'(6). That is, to
obtain the loyalty of a simple customer, in expectation, supplier ¢ may maintain a level of service

that is strictly below that for which the customer considers to be “good.”

Proposition 3
i) If Fg, Fg, and Fyi are mutually absolutely continuous distributions and Fp # Fg, then

Pyp{r < o0} > 0. (20)

i1) If Fp and Fg are members of the same exponential family, with Og > 0p, and Fyi is also a

member of a (possibly distinct) exponential family of distributions, then

Ppi{r < 0o} = 1 for all u; < p* ; and (21)

Py{r < 00} < 1 for all p; > p* . (22)

iii) The assumptions of (i) also imply that ' (8%) > 0, so that the upper bound in (15), e_”(ai)b,

is decreasing in y;. Furthermore, 0(0g) = —1, 0(0g) =1, and ¢(0°) >0 <= u; > p*.

Proof Please see the appendix. O

Parts (i) and (ii) of the proposition qualify the result of Proposition 2. Even though there may
be a fixed threshold above which the expected duration of customer loyalty approaches infinity,
in most cases, there is no individual customer whose loyalty is assured. In particular, (20) shows
that only in degenerate cases, such as when Fg = Fg or when Fp, Fg, and Fp: are not mutually
absolutely continuous, may a customer’s loyalty truly be assured.

Part (iii) of the proposition shows that the upper bound for P{7 < oo} in Theorem 2 is well
behaved. As p; increases, the bound decreases, and bound is less than one if and only if p; > p*.
Surprisingly, we have not found a similar, general proof of the bound’s monotonicity in the literature

on the SPRT.

13



4.2.2 The Effect of Changes in Prior Beliefs

What is the benefit of advertising or promotional activity? In the context of our model, it may
improve the consumer’s prior belief concerning the quality of a supplier. This improvement in the
prior, in turn, affects the stopping boundary, b’. From (6), we see that the stopping boundary is
also defined by the consumer’s prior belief concerning the best available alternative and that the
benefit of negative publicity directed toward the alternative is captured in b’ as well.

Using the definition of b%, (6), and our familiar coupling argument we can show:

Proposition 4
i) Eyi[r] is increasing in ph and decreasing in pé.

i1) Pyi{T < 0o} is decreasing in py and increasing in p)

Proof Omitted. O

We may also differentiate the bounds of Theorems 1 and 2 with respect to p) and pé. The

results of the proposition reflect the symmetry of b* with respect to p§ and pé.

Proposition 5

i) The lower bound of (12) is increasing in pl, with mazimum effect at ph = 1/2:

a_[ b’ ] 1 g 2 [ b’ ]_ 1 — 27 (23)
Oph | EeslXT|  pb (1 = ph) Egi[X] opi? | Eoi[X] (Ph (1 — p}h))? Egi [ X]
it) The lower bound of (12) is decreasing in pg, with mazimum effect at pé =1/2:
i 2 i —_ 9]
2 em| - g 2 e - T (21
apé Epi[X] Py (1 — pp) Egi[X] 8p6 Egi[ X] (pé (1- p{)))Z Egi[X]
Proof Omitted. O

14



Thus, changes in either the supplier’s or the alternative’s prior have the least effect when the
prior is near zero or one and the greatest effect when the prior equals one half. That is, marginal
changes in a consumer’s priors have the greatest effect when the consumer does not have strong
prior belief concerning the supplier’s quality.

This behavior is a natural consequence of the linear structure of the random walk, which takes
place in the log scale of the probabilities. In the original probability scale the Bayesian revision is
multiplicative, according to dFg(u)/dFg(u), and the closer a prior is to zero or one, the smaller
the absolute effect of the update.

We omit the an analogous result for the probability of defection. We note, however, that the
effect of changes in the priors is similar in form to that of Proposition 5: changes in either the
supplier’s or the alternative’s prior has the greatest effect when the prior is near zero or one and

the least effect when the prior equals one half. The effect is mediated, however, by ¢(8?).

4.2.3 The Effect of Changes in Customer Discrimination

It is not surprising that the loyalty of a more discriminating customer would be harder to maintain,
and in our model this proves to be true. More specifically, when Fp and Fz are members of the
same exponential family of distributions, then dFg(u) = dF(ulfg) and dFp(u) = dF(u|fp) may
be considered, respectively, to be functions of ; and 6p. In this case, we can use Lemma 2 to

characterize how changes in Fp and Fg, affect loyalty.

Proposition 6

Suppose Fg and Fg are members of the same exponential family of distributions.
i) Let {X;,Xo,... \02;} denote the sequence { X1, Xo,...} when 0g 2 Oé. Then for w; < /'(0},),
V(08) < V(02) = {X1,Xa,... |00} <a (X1, Xo,... |02} (25)
In particular, Pyi{T < oo} is increasing in 0 and Ey:i[T] is decreasing in 0¢.

15



it) Let {X1, Xo,... ]0%} denote the sequence {X1, Xo,...} when 0p 2 0%. Then for p; > ' (0%)
V(0F) < V(0%) = {X1,Xo,...105} <a {X1,Xo,...|0%). (26)
In particular, Pyi{T < oo} is increasing in 0p and Eg[T] is decreasing in 0p.

Proof Please see the appendix. O

In this section we do not use the bounds of Theorems 1 and 2 to develop insight concerning the
rate at which changes in 6 and 0p affect Py {7 < oo} and Eyi[r]. Recall that our argument for
the validity of differentiating the bounds (12) and (15) assumed that 6 and 6p remained fixed.

This is clearly not the case here.

5 Long Run Choice Frequencies

The representation of customer loyalty presented in §4 is that of the short run; it characterizes a
customer’s behavior during a single sojourn with a supplier. In this section we address the case in
which customers that defect to the competition may return. In §5.1 we review basic expressions,
developed in [4], that characterize the long-run frequency with which a customer patronizes a
supplier, and in §5.2 we perform a sensitivity analysis to develop a fuller understanding of how the
suppliers’ quality levels effect the long-run choice frequencies.

Both the basic results and the sensitivity analysis reflect the clear relationship between the
short-run and long-run behavior of the consumer. In the long run, the relative purchase frequency
— or “share” — of the customer at any particular supplier is driven by the Egi[X]’s of all of the
suppliers. In turn, sensitivity analysis shows that relative purchase frequencies at ¢ are convex and
increasing in u; and concave and decreasing in u; for all j # 7.

At the same time, the results shown in §5.1 differ in important ways from the short-run char-

acterization developed in §4. First, the long-run frequency is not sensitive to the consumer’s prior

16



beliefs. Mathematically, the priors represent “initial conditions” which have no effect on long-run
averages. Furthermore, the absence of priors implies that, in the long run, the basis of competition
shifts from impressions to actual performance. In the short run, the only competitive information
used by a customer of supplier i is the prior of the best alternative, p{. In the long run, however,
1’s relative frequency is a function of the actual level of service provided at all of suppliers.

The sensitivy analysis in §5.2 reveals additional differences between short-term and long-term
behavior. Proposition 6 showed that the short-term duration of customer loyalty is stochastically
decreasing in the level of customer discrimination. In the long run, however, the relative purchase
frequency at i may either increase or decrease with 85 and 6p and is based on the supplier’s
competitive position. Interestingly, for a low-quality competitor, increasing customer discrimination

is likely to be beneficial, and for a high-quality firm, a detriment.

5.1 Basic Results

Our representation of consumer choice is analogous to a version of “Cumulative Utility Consumer
Theory” presented in Gilboa and Pazgal [5], although the two models make different assumptions
concerning the nature of instantaneous utilities. Our model assumes that the utility provided a
supplier is inherently random and that unacceptable quality leads to switching behavior. Alterna-
tively, Gilboa and Pazgal assume that the randomness may not be due to inherent variability in
the product, itself. Rather, the realization of negative utilities — and consequent switching — may
be due to other factors and is the basis of the “variety-seeking” behavior noted in the marketing
literature.

Mathematically, however, the form of the two models is the same, and in [4] we use results

developed in Gilboa and Pazgal [5] to characterize long-run relative choice frequencies:

Theorem 3

Let f; 2 limy 00 % St 1{n(s) = i} denote the limiting relative frequency with which the consumer
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chooses supplier i. If Epi[X]| > 0 and vargi(X) < oo for i =1,...,m, then with probability one f;
exists fori=1,...,m, and

Eei [X]_l

i = s e

(27)

Furthermore, if Fg and Fg are members of the same exponential family of distributions, then
Ep[X] >0 <= Enu[U] = pi < p*, vargi(X) < oo <= vary(U) < 0o, and

)
o= s i — ) (28)

5.2 Sensitivity Analysis

In addition to the absence of prior probabilities, the long-term results reported in §5.1 differ from
the short-term results of §4.1 in two ways: they are exact, not bounds; and they are long-run
averages. Thus they are more precise and, at the same time, more limited than their short-term
analogues. This makes the sensitivy analysis more straightforward.

Thus, in this section, we calculate derivatives of f; with respect to the two remaining sets of
model parameters, the suppliers’ quality levels and consumer’s discrimination function. We first
report the results for changes in quality. Parts (i) and (ii) of the proposition precisely state the

convexity and concavity properties described at the beginning of this section:

Proposition 7
Suppose Fg and Fg are members of the same exponential family of distributions. If 0 > 0p and

Wi < p* fori=1,...,m, then

i) fi is an increasing, convex function of w;:

Ofi _ fil = fi) q f _ 250 — i) ”
Opi B = i " O (W — p)? (29)

i) fi is a decreasing, concave function of p;:

5 220-f)
2 (=) (B ) (30)

ofi f?

= and
Ou; B = i O pj
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i) and

of fi 2 f? o
Opidu; <#* —u¢> (u* — Wy W =i ) (31)

Furthermore (31) implies that 83;{;;] >0 = fi>1/2.

Proof Please see the appendix. O

Part (iii) of the proposition shows that the cross-derivatives of f;, with respect to p; and pu;, is
increasing if and only if the relative frequency at ¢ is already greater than one half. That is, given
a competitor’s increase, a dominant, high-quality supplier would see increasing (revenue) returns
to raising its quality. A smaller, lower-quality competitor, however, would see decreasing benefits.

The next proposition characterizes how f; changes with increasing levels of customer discrimi-

nation:

Proposition 8

Suppose Fp and Fg are members of the same exponential family of distributions. If ¢ > 0p and

wi < pt fori=1,...,m, then
ofi fi V'(0c) — py (1#’(90 — Mz
_ . T K 32
00a 0 — 0p ; (fj ( W= W= ( )
afi fi pj — v (0p) (,Uz — ( ‘9B
_ . Ws)\ _ 33
d90p 0 — 0B ; (f] [( W= = Hi (33)

Furthermore, for i = argmax;{f;}, 889—" < 0 and af’ < 0. Similarly, for i = argmin;{f;},

Of; Of;
aefG >0 and aefB > 0.

Proof Please see the appendix. O

The fact that gef L > (0 and af L > ( for the low-quality firm contrasts sharply with the universal

decline in short-term loyalty shown in Proposition 6. Indeed, it may actually be advantageous

19



for low-quality firms to teach customers to be more discriminating. While a more discriminating
customer finds the low-quality firm less adequate on a absolute scale, the negative effect on the
quality leader is even stronger. The more discriminating the consumer, the more the quality leader

looks like its low-quality competitors.

6 Normative Models for Suppliers

In deciding what is the proper level of quality to set, suppliers must also trade off revenues with
costs, and in this section, we offer simple models that explicitly integrate the two. We consider the
case of costs that are convex and increasing in the level of quality offered. In this setting, strong
revenue response to changes in quality clearly drives the nature of a supplier’s quality strategy,
both in the short and long run.

In the short run case, when defecting customers do not return to a supplier, strongly increasing
revenues, in concert with convex costs, drive the profit function to be pseudo-concave. If, in
addition, costs are strictly convex, then there is a unique profit-maximizing quality level that a
supplier should choose.

In the long-run case, in which defecting customers return, we obtain analogous equilibrium
results for an oligopoly game. Furthermore, when suppliers’ costs are symmetric, the set of Nash
equilibria admits only symmetric solutions, and as the number of competitors, m, grows without

bound, their set of (jointly) optimal quality levels converges to that of the short-run model.

6.1 The Supplier’s Problem as Monopolistic Competition

If suppliers are small relative to the overall size of the market, then the short-term characterization
of consumer response developed in §4 may be an adequate description of consumer behavior. A
customer that is dissatisfied with a supplier has an abundance of alternatives and is likely never

to return. In this setting, we can use the results of Theorem 1 to develop a demand curve that is
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driven by quality, rather than price.

As an example, consider the following model in which the supplier chooses its service level
to maximize its long run average profits. Given a fragmented competitive environment we might
model a stream of potential customers as a Poisson arrival process. If the customers are identical
and capacity constraints are not an issue, then we can model the supplier as an M/G/oo queue,
with arrival rate A and service time 7. (Note that use of an M/G /oo queue implicitly changes the
model from discrete to continuous time.) In turn, it is well known (for example, see Wolff [13])
that, for an M/G /oo queue, the time-average of the number of customers in the system at time ¢,

N(t), is a Poisson random variable with mean AEgi[7]:

(AEg[r])"e Xl
n! '

lim % /0 "PIN() = n} — (34)

t—o00

Suppose the supplier wishes to maximize its expected time-average profits. Furthermore, assume
that each current customer pays $r per unit of time and that the cost of providing service to a
customer is $¢(u;) per customer per unit of time and is independent of the number of customers
being served. Then using the lower bound on Ei|[7],(12), and setting (3 2 i /(0c—0p), the supplier’s

optimization problem becomes

A

max {11() & (7 = ) x A/ (" = mup)} (35)

Hi
If ¢(pi) is a convex function of p;, then r — ¢(u;) is concave, AG(r — c¢(u;))/(p* — pi) is pseudo-

concave in u; (see Mangasarian [9]), and we can use the first order conditions to find

U L w1 () =0}, (36)

the set of quality levels that maximize supplier ¢’s profit. The first order conditions are satisfied
when the added profit from a marginal increase in the expected market share equals the marginal

cost from increasing the level of service to all customers,

() — <r—c<m>)ﬁ - c’wﬁ _ (37)
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or, equivalently, when

—_— - d(u) = 0. (38)
Note that the result is that for a monopolist, a supplier facing a sloping demand curve. Here,
however, demand is driven by high quality, rather than low price. For the stream of customers
arriving to the supplier, the only alternative to remaining loyal is to exit the supplier’s market and
defect to a competitor. The “demand curve” is defined in a two-step process. First the response of
an individual consumer is characterized through Egi[7]. Second, results for the M/G /oo queue are
used to collect individual choice behavior into a market aggregate.
If, in addition, c(-) is strictly convex, there is one profit-maximizing level of quality that is

unique:

Proposition 9
Suppose c(p;) is strictly conver and increasing in p;. If there exists a minimum quality level,
u < p*, offered by the supplier and c(u) > 0, then there evists a unique quality level, [i, that

maximizes profits. Furthermore
i) if r— c(u*) > 0 then g = p*;

i) if there exists a T < p* such thatr — c¢(@) = 0 andU # 0 then o € [p,I);

iii) if there exists a T < p* such thatr — c¢(m) = 0 and U = O then p = p.

Proof Please see the appendix. O

6.2 Quality Competition in an Oligopoly

The long-term analogue of the model presented in §6.1 is that of an oligopoly. We assume that
m firms compete for the patronage of a large number of identical consumers, and we use (28) to

describe the firms’ market shares.
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Suppose, again, that each customer pays $r per unit of time to the appropriate supplier and
that the cost of providing service to a customer is $¢;(p;) per customer per unit of time and is
independent of the number of customers being served. Then, given fixed p; for j # 4, supplier ¢

solves

1>

max {Ufn(ui)

(r —ci(pi)) x fz'(ﬂh«--,ﬂm)} (39)
to maximize its long-run average profit. Here IT¢ (-) emphasizes that there are m competing sup-
pliers that determine supplier i’s profit and f;(p1,..., tm) emphasizes that i’s market share is a
function of all suppliers’ levels of quality.

Again, if ¢;(14;) is convex in y;, then it is not difficult to show that IT¢, (u;) is pseudo-concave in ;.
The unit profit, r—c;(u;) is concave, as before, and if welet g; = 1/f; = 1437, 2, (0" — pa) /(1" — p5)),

then, for p; < p*, j # ¢, g; is linear and decreasing in p;. In turn, for u; < p* the profit,

(r —ci(us)) / g4, is pseudo-concave in p; (see Mangasarian [9]). Therefore,

Proposition 10
Suppose the c;(-) are convex and increasing and that there exist K, < T < p* such that p; € [Ei’ﬁi]
fori =1,...,m. Then there exists a pure-strateqy, Nash equilibrium to the quality competition

game.

Proof The strategy spaces of the suppliers are nonempty, compact, convex subsets of the real line,

and each supplier’s response function is quasi-concave in its quality level. Therefore from Debreu

[3] the result follows. O
The first order conditions are satisfied when, given a fixed set of quality levels, {u1,..., tm},
1 fil—fi
W) = el LI gy < o, (10)
B = i
for all suppliers, ¢ = 1,...,m. We can use these first order conditions to show that, when the

suppliers’ technologies are identical, the pure-strategy Nash equilibria that obtain are symmetric:

23



Proposition 11
Fori = 1,...,m, suppose that c;(-) = c(-) is conver and increasing, that there exvist p < < pu*

such that u; € [p, T, and that r — c¢(f) = 0.

i) There ezits no asymmetric pure strategy equilibrium.

it) If either ¢'(p) > m(p* — p)c"(p) Yu € [p,a] or c'(p) < m(p* — p)c"(p) Vi € [p,0, then

there exists exactly one pure strategy, Nash equilibrium (and it is symmetric).

i11) For any strictly convex and increasing c(-) there exists an m* < oo such that V'm > m* there

exists exactly one pure strategy, Nash equilibrium (and it is symmetric).

Proof Please see the appendix. O

Part (i) of the proposition shows that symmetric equilibria are to be expected. Thus, the first

order conditions are the same for all suppliers, and we now write

w2 [(250) (2 - vw)] - Sew = o, (41)

m? W= p m

rather than 17 '(11;) = 0, to describe them. In turn, we define

4

Un {p: 10, (n) = 0}, (42)

to be the set of quality levels for which the first order conditions (41) hold.

Part (ii) is the oligopoly analogue of Proposition 9. It shows that, for many convex and in-
creasing cost functions, there will be only one, symmetric equilibrium. For example, when p > 1
and c(u) = O(u™), then ¢’(u) grows at an order of magnitude faster than ¢”(u). Similarly, when
c(u) = O(ePM), ¢ () grows at a rate that is proportional to ¢’(i). In both cases we may expect
c'(p) to be consistently larger (or smaller) than m (u* — )¢’ (p).

Still, there may be cases in which multiple equilibria obtain; this would happen precisely when

the sufficient conditions of Part (ii) are not met. For example, when there are infrequent, but rapid
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jumps up in ¢/(u), then it may be the case that a range of u’s for which ¢/ () < m(p* — p)c”(p) is
quickly followed by another for which ¢/(u) > m(u* — u)c”(p). In this case there may be multiple
zeroes of the first order conditions.

Part (iii) shows that, when ¢(-) is strictly convex and the number of competitors is sufficiently
large, however, the set of equilibria collapses to a singleton. Indeed, as the number of suppliers
grows, the equilibria for an oligopoly look increasingly like the outcomes of monopolistic competi-

tion. The next proposition more precisely states the nature of the convergence.

Proposition 12
Fori =1,...,m, suppose that c;(-) = c(-) is conver and increasing, that there exist p < 1 < p*

such that u; € [p, |, and that r — c¢(f) = 0.

i) If [i is profit-maximizing in monopolistic competition and p < [, then any oligopoly equilib-

rium, p, has p < f.

ii) If p is profit-mazimizing in monopolistic competition, then u is the unique profit-mazimizer

i oligopoly.
i11) The equilibrium quality of service offered in an oligopoly is pointwise increasing in m:
Mo/ (1) = 0 = Tly/() > 0. (43)

iw) As m — oo, the set of equilibrium quality levels offered in oligopoly converges to that of

monopolistic competition:

lim I (p) =0 < I(g) =0. (44)

m—00

Proof Please see the appendix. O

Parts (i) and (ii) of the proposition show that equilibrium quality levels in monopolistic com-

petition strongly dominate those in symmetric oligopoly. That is, the entire set of equilibria in
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monopolistic competition lies above the set of oligopoly equilibria. Parts (iii) and (iv) show that,
as the number of competitors grows, the set of oligopoly equilibria “rises” and, in the limit, con-
verges to that of monopolistic competition: lim,,—..o U, = U. Note that, because ¢(-) is increasing

in u, as the quality level rises, supplier profits decrease.

7 Conclusion

Our model of consumer behavior provides simple, closed-form expressions which allow us to clearly
characterize both the source and the effect of the revenue response to supplier’s quality level. The
sensitivity analyses of §4 and §5 clearly show how the underlying quality levels of the suppliers, the
customer’s ability to distinguish between good and bad suppliers, and the customer’s prior beliefs
regarding the suppliers, together, mediate consumer loyalty. The profit models of §6 demonstrate
the strongly symmetric nature of the equilibria that obtain from quality competition, and they
reflect a nice sense of internal consistency between the short-run and long-run models.

It is not surprising that the optimal action for suppliers in the profit models is to choose a
quality level for which the marginal revenue from a quality improvement equals the marginal cost
of the change. What, of course, makes the models presented in this paper different from more
traditional operational models is their explicit representation of a demand function. For example,
in traditional inventory models, a minimum-cost inventory policy is obtained when the marginal
cost of a stockout equals the margin cost of holding additional inventory. In these models, however,
the stockout cost is decoupled from demand, whose distribution is defined as being exogenous to
the problem at hand.

At the same time, the cost model presented in this paper more is abstract than that found
in more traditional operational models. For example, we assume only that costs are convex and
increasing in the level of quality and do not attempt to model more explicitly the sources of operating

costs. This stylization serves to highlight the contribution of the demand function to the nature
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of optimal operating policies and to emphasize the breadth of systems for which these optimality
conditions hold. Nevertheless, the inclusion of more detailed costs would allow the development of
a valuable alternative to traditional operations models (particularly inventory models) that do not
explicitly include the effects of poor quality on demand.

The competitive analysis presented in the paper also reflects suppliers’ limited abilities to change
prices. Again, the fact that the models do not include price controls focuses attention on quality
competition. It also reflects our belief that, in some circumstances, prices may be thought of as
exogenously given. The fixed nature of prices may be due to organizational limits: prices are set
by the people in marketing or strategic planning; service quality is delegated to operations and
customer fulfillment.

We imagine that this decoupling of price from quality is most prone to occur whenever the
quality of some product or service attributes is much more transparent to consumers than the
quality of others. In this case, prices are based on the “inspection attributes” of the good, and the
inspection attributes are fairly priced. The remaining, non-price-related “experience attributes”
then determine customer loyalty.

Of course, as Proposition 11 demonstrates, it is in precisely this case that suppliers should seek
to avoid quality competition and choose symmetric quality levels. In this case, in turn, an observer
should expect to find little quality dispersion among suppliers, even when — or particularly when —
quality is uncertain.

Still, suppliers may use price as a tool that compensates for quality differences, and, in this case,
the symmetric nature of the equilibria shown in Proposition 11 is likely to break down. Equilibria
in which differing levels of quality are offset by differing prices may also obtain.

Finally, there is worthwhile work to be done in extending the model of the simple consumer,
itself. As the empirical work performed by Gilboa and Pazgal [5] reveals, “switching costs” are

likely to be an important omitted variable in our model. These costs may be induced by a number
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of mechanisms: the extra work required to close one set of accounts and open another; the learning
required to effectively use one supplier’s offering rather than another’s; or simply the inertia induced
by “status quo bias.”

The inclusion of these factors — switching costs, price controls, more explicit costs — are relatively
straightforward to include in the short-run model of Theorems 1 and 2 and §6.1. Extension of the
long-run model of Theorem 3 and §6.2 requires more care, however. We are now working on these

extensions and will report results in a future paper.
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Appendix

Proof of Lemma 2

The proof is based on a coupling argument and uses the following well-known result.

Lemma 3 (See Shaked and Shanthikumar [11] or Woodroofe [14].)
Let Z denote a random variable uniformly distributed on (0,1). Then Fy <g F» if and only if
there exist real functions wy and wy for which wi(Z) ~ Fy, wo(Z) ~ Fy, and wi(z) < wa(z) for all

z€(0,1).

Proof (of Lemma 2)
We use Lemma 3 to couple the two sequences of random variables with a sequence of uniformly
distributed random variables, {Z1,Zs,...}. Let w;(Z) ~ {X*} and wj(Z) ~ {X7}. Then on

any sample path, {21, 20,...}, for any time, ¢, we have >t_; w;(zs) < L, w;(2s), and from (7)
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this implies that for any ¢, P;{r < t} < P;{r < t}. Thus, {7]X{, X4,...} >4 {T|Xf,Xg,...}.
This immediately implies P;{7 < oo} < P;j{r < oo}. We also have E;[7] = > 2 Pi{r >t} >

221 Pi{r >t} = Ej[7]. O

Proof of Proposition 1

Woodroofe [14] uses a coupling argument to show Py {T < oo} is decreasing in #. Using Lemma
2, we offer the same line of argument for the proposition.

Proof

We show that F(u|@') <g F(u|6?) implies that X% <, X . Then we use X? <, X and
Lemma 2 to couple the two sequences of random variables, {X1, Xo,... |0'} and {X1, Xo,... | 0%}
and complete the proof.

If Z is a random variable uniformly distributed on (0, 1), then by Lemma 3, there exist func-
tions wy and wg for which wi(Z) ~ Fi, wa(Z) ~ F», and w;(z) < wa(z) for all z € (0,1). Define
g(w) 2 log(dFp(w)/dFg(w)). The fact that dFg(w)/dFg(w) is decreasing in w implies that g(w)
is decreasing in w as well, so we know whenever w; < ws, then g(w;) > g(ws). But X% ~ g(w;(2)),

so X SstXel. O

Proof of Proposition 2
Proof
Part (i). For p; < p* = Egi[7] < 0o, we check the upper bound in (11). From (8) we see that,

when Fg and F; are members of the same exponential family of distributions,
Eoi[X?] = (¥(6a) —v(08))* — 2(¥(0c) — ¥(08))(0c — 0) i + (0 — 0p)* i , (45)

which is finite for all finite g;. In turn, we see that the upper bound of (11) is finite whenever
Epi[X?] < 0o and 0 < Eyi[X] < oo. From (45) and part (ii) of Theorem 1, we see that this is the

case whenever —oo < p; < p*. Finally, the limit lim,,1,- Eg:[T] = oo, is implied by the analogous
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limit for the lower bound in (12).

Part (ii). Simple differentiation of the lower bound in (12) obtains the expressions on the right
hand sides in (19). That the expressions are positive follow from the definition of b in (6) and the
assumptions that g > 0p and p* > y;.

Part (iii). The definition of ¢* in (10) and the strict convexity of ¥(-) imply

G — UB

Proof of Proposition 3
As the following lemma states, affine transformations of exponential families of distributions are,

themselves, exponential families:

Lemma 4 (Brown [2].)
Suppose X is an exponential family of random variables with cumulant generating function ¥ x (0).
Let Z = mX + 29 and ¢ 2 0/m+ ¢g for some zo, o, m € R. Then Z is an equivalent exponential

family of random variables with cumulant generating function
Vz(®) = ¥x(0) — (¢ — o). (47)
We can use (47) to show the following:

Corollary 2
Given any 01,05 € O, that index two distributions from an exponential family, by choosing zo and

m so that

Vx (601) — ¥x(62)
61 — 0,

20
48
b ( )

we can construct an equivalent exponential family of distributions for which V¥z(p1) = Yz(P2).
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Proof (of Proposition 3)
Part (i). To prove (20) we will show that for any 6%, Py:{X > 0} > 0. Then letting & 2 Pp{X >
0} > 0 for some 6 > 0, we will have Pyi{T < oo} > HLI):/{S] Pyu{X, > 6} = &l*°1 > o,

Recall from (5) that X ~ In(dFp(U)/dFg(U)), where U ~ Fpi. Then X < 0 if and only if
dFp(u)/dFg(u) < 1. Thus Pyp{X > 0} = 0if and only if dFg(u)/dFg(u) < 1 almost everywhere
(a.e.). But [dFp = [dFg = 1, and this fact, together with dFp(u) < dFg(u), a.e., implies that
dFp(u) = dFg(u) a.e., which violates the assumption that Fp # Fg.

Let D 2 {u: dFp(u) > dFg(u)}. Then the assumption that the distributions are mutually
absolutely continuous implies that dFy:(u) > 0 a.e. with respect to the support of Fp and F¢, and
this, in turn, implies that Py {X > 0} = [ dFyi(u) > 0

Part (ii). Relation (21) follows follow directly from the range over which Proposition 2 shows
Eyi[7] to be finite. Relation (22) follows from the corresponding limit, u; T p*, along with the
property, shown in Proposition 1, that Ei[r] is increasing in ¢'.

Part (iii). We begin by evaluating (13) for an arbitrary ¢ # ¢(6%):

dlyg (u) 7 / ((05—0c)u—((05)—1(0G))e O u—i(6°
—= dFyi(u) = e\\VB—va)u B a)e =) g (y 49

— YO0 =06 =0p)) = (% (0B)—¥(0c)p — (67 (50)

Now (6?) is obtained in (50) when the expression equals one. Taking logs on both sides we similarly

have
GO — (006 — 08) = (V(05) — B(0))p(8) + B(B) . (51)

From Corollary 2 we know, however, that we may assume without loss of generality that ¢ (6p) —

¥(0g) = 0, so we have ¢(0?) is the unique solution to
V(0" = 0(6") (0 — 0p)) = ¥(0"). (52)

When (¢¥(0p) —¢(6c)) = 0, we also have from (10) that u* = ¢/(0*) = 0.
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To see that o(6?) is increasing with @, recall that ¢(-) is strictly convex. (It is helpful to
draw a picture.) Consider the case in which 6 > 0* so that ¥/(6?) > 0. If ¥/(6") > 0 and
W0 — 0(09)(0g — 0B)) = ¥(6), then it must be the case that ¥/(6" — p(60")(0g — 6)) < 0.
Furthermore as 6 increases, ¥(6") increases, and to maintain ¥(8° — p(6")(8g — 0g)) = ¥(0°) it
must be the case that ¢(6?) increases, since ¥/(8° — ¢(0°)(0c — 0g)) < 0. An analogous argument
holds for the case in which 8! < #*

That p(6p) = —1 and p(0g) = 1 can be seen from inspection of (13).

To see that ©(6)) > 0 <= u; > u*, we can again use (52). First suppose u; > u* so that
9" > 6*. Then the convexity of ¥(-), along with the fact that u* = ¢/(6*) = 0, implies that the
unique ¢(0%) # 0 that obtains (52) must be greater than zero. Similarly, if u; < u* then the same

reasoning implies that ¢(6°) < 0. For pu; = u*, Eg:[X] = 0 and o(6?) is not well defined. O

Proof of Proposition 6
Proof
Part (i). Assume that ¥/(6%) > v¥/(6%) > p*. Then from (8) we have

P{X > z|0g = 0L}
| 100) — 0008)) — 0~ 0s)uldFy () (53)
= (V(6%) — ¥(0)) Pp{U >z} — (04, — 05)Eq:[U |U > z] Pp{U > z} . (54)

From (54), in turn, we have

h(O2,) — 1/ (HL
P{X > 1l0g =02} > P{X > zl0c = 0L} < En[U|U > 2] < %
G VG

Note that E[U|U > z] is increasing in z, so (55) will be satisfied if

e < V) k)

56
S T (56)

Recall that Egi[U] = p;, so (56) is equivalent to ¥(6%) > ¥(0%) + pi (0% — 6L). From the Mean

Value Theorem we know that there exists a @ € [0}, 03] such that 1(6%) = ¥(0%) +'(0) (04 —6L).
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Finally, recall that 1(-) is convex, so ¥/(-) is increasing in 6, and (56) is satisfied whenever p; <
o).
For part (i), an analogous argument shows that 1/(0}) < v¥/(6%) < u* implies that

_ (0h) —v(6})

P{X <zlfp =03} > P{X <z|0p =0}} < Eu[UlU<2z] < - (57)
B~ VB

Similarly, the fact that E[U|U < z] is increasing in z allows us to show that ¥(0%) < ¥(05) +
pi (0% — 0%). Then the Mean Value Theorem, the convexity of 1(-), and the fact that pu; > ¥/(6%)

imply the desired result. O

Proof of Proposition 7

Proof
The proposition is the result of straightforward differentiation. We begin with (29). Let z(u;) 2
(u* — p;)~'. Then from (28) we have
ofi 0 ) ) (Sfelm) — s(m) () -
O pi i 327y 2(ky) (Z;?”Lzl z(,uj))2
) > 2(py) — Zgui) (59)
(s =(ny))
[ () 2(pi) > iz (1) 60
- 5 lz;ﬂl (1) lz;ﬂl “s) e
A w)]
e LG (61)
But 2/(u;) = —(u* — i) 2(=1) = 2(u;)?, which implies
9 fi fi (1= fi)
= 2(w) i —f) = Ll 62
oy~ Cwafi(l=fi) = =—" (62)
In turn,
*fi _ fil=1f) (1-fi)0fi  fi 0fi
op? )l W) 0 (- ) Op (63)
L= n (I-f) i(l=fi)) fi  fil=1) (64)
(=) (=) (=) (=) (0" — )
2f(00— fi)?
(w* = pi)® (%%)
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Similarly, 2’(u;) = —(u* — p;)"2(—=1) = z(p;)?, so for (30) we have

m -2 9
0/ : — =) (p)° ;
9 _ —z(,ui)< Z(p )) 2 (py) = = - = :
o =R C(mew) H
and in turn,
fi _ _2f; 8fi  2f; HQA-f) 212(1— f))
0 pj? W= i O p, (0" — ) " — py (" — a) (% — 1)~

For (31), we begin with (30):

f  (igEw ) + 4
O il pij (1% — pi)?
_ <2fj (2 = ) (" = i) + fﬁ)
(0" — pi)?
212 1 fi

(W —pa)(p* — ) (0= pa)?
( fi )(2f? o )
=)\t -y )

Finally, we note the right hand side of (71) is greater than zero if and only if

207/ (W =) > ) (W= )

or that 2 f2/ f; > (u* — uj) / (u* — wi). From (28) we see that f; / f; = (u* — p;)/ (0" —

that (72) is equivalent to 2 f; > 1.

Proof of Proposition 8
Proof

Again, we differentiate f; as we did in Proposition 7. Letting

Aw) 2 EgplX]T = (W(06) - v(08) — (0 — On)u) ",
we find
8;22” = —(¥'(6c) — ) 2(ks)?  and 85(021) = —(ui — V'(08)) 2(1s)?

(72)

Mi)? or

O

(73)



Then for (32) we use (27) to show

o (a;g? >etm) - z(#iéa;(g)f)) / (é z(uj))2 (75)
= (2, (f; zwj)) ny (i o /(é Z(uj)) (76)
- %W(%;Zl—zézi)zmz')? 5, i —(;’ ;gf)f)z(;f)bj)z pi)? o)
— R W06) — ) () + fi 15 (006) — 1) 2()] (78)
- —fé 15 (0/(06) — ) 2(e)] + fé [ (006) — 1) 2w)]  (19)
- fil (55105 0c) — 1) 25) — (W(66) — o) =) - (30)

Substituting ((0g — 0p)(u* — ;) ! for z(u;) and factoring out (6 — 0p), we obtain the desired
result. The calculation for (33) proceeds in the exactly the same fashion.

Finally, the fact that (¢¥'(6c) — pj)/(p* — p ) is increasing with respect to p; implies that,
for i = argmax;{f;}, the terms inside the square brackets of (32) and (33) are all negative. In
turn, the entire right hand side must be negative, so that a%% < 0 and 8%% < 0. Similarly, for

i = argmin;{f;}, the terms inside the square brackets of (32) and (33) are all positive, so we have

ofi ofi
%>Oand89f3>0. O

Proof of Proposition 9
Proof

We begin by differentiating (37).

neoy o 2(r—c(p))  2d(m) () o 2M(w)  ABC ()
W) = 28 (W —pa)® (= m)? (= ) (W =) (=) (1)

For p; < p* and ¢’(-) > 0, we have IT"(x) = 0 = T11"(i;) < 0. Thus, there can be at most one
wi < p* for which IT'(u) = 0.

In addition, we have the following cases. Part (i). If r — ¢(u*) > 0, then the supplier can
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earn infinite profits by setting u; = p* but only finite profits for all p; < p*. In this case g = p*
maximizes profits. If, however, r — ¢(u*) = 0, then the supplier can earn positive profits for all
pi € [, p*), s0 fi € [p, p*). This proves part (ii). For part (iii) note that, together, r — ¢(u*) = 0
and U = 0 imply I1'(p;) < 0 for all p; € [p, "), so i = p maximizes profit.

Finally, note that the conditions, r — ¢(u*) > 0 of part (i) and r — ¢(fr) = 0 of parts (ii) and
(iii) are mutually exclusive, which implies that 1 = p* or i € [p, u*), but not both. Thus there

exists a unique, profit-maximizing quality level. O

Proof of Proposition 11
Proof

Part (i). When the ¢;(-) are symmetric, we can rewrite the first order conditions (40) as

® * m * o, \—1
(r — c(mi)) — Hc’(ﬂi) = (r —c(w)) — (w Xiii(z/ii:—l(ﬁj)lﬂ]) d(p) = 0. (82)

Now by contradiction, consider the quality levels of two suppliers, ¢ and k, in an asymmetric
equilibrium and, without loss of generality, suppose p < ug < ;. Furthermore, note that r—c(f) =
0 implies that p; < T, since a reduction in quality below @ yields a positive profit. Letting

A2 Dy (BT — p;) "L, we can rewrite (82) to define

i) & (= cl)) — (SR + (=) ). (53)

so that g(pe, i) < g(pi, ) = 0.

Note, however, that for u; < p*, ps < p*, and convex, increasing c(-), we have

99
O

a /
- @) ) < 0 ad 2L - ) > 0.(84)

- Oz (A (p* = p2) + 1)

This implies that g(u, pr) < gk, pr) < g(pr, i), which contradicts g(ur, pi) < g(ui, px) = 0
Part (ii). Again, note that ¢;(-) = ¢(-) V¢ and r — ¢(f) = 0 imply that, when u; = p for all 7, the

left hand side of (82) is strictly less than zero, since lowering quality would allow all firms to make
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a positive profit. Observe also that part (i) of the proposition implies that f; = 1/m. Therefore,

the derivative of the left hand side of (82) with respect to p equals

—d () = ——= (" —p)"(1) — <) . (85)

Rearranging terms, we see that (85) is less than zero if and only if ¢/ (1) < m(u* — p)c” (1). Now
suppose that ¢'(u) < m(p* — p)c”’ () Vpu € [, 7). Then the left hand side of (82) is decreasing in
1, so there is at most one i that satisfies the first order conditions. If such a i exists, then, for all
i > [, the left hand side of (82) is less than zero, and for all u < g, the left hand side of (82) is
greater than zero. Therefore, i is the unique symmetric equilibrium. If, however, there exists no
[ that satisfies the first order conditions, then the left hand side of (82) must always be negative,
since it is negative for 7. In this case, u; = p for all 7 is the unique symmetric equilibrium.

Similarly, (85) is greater than zero if and only if ¢/(u) > m(u* — p)c”’ (). Now suppose that
c(p) > m(p* — p)c"(u) Vi € [u, 7] so that the left hand side of (82) is increasing in p. But
r —c(m) = 0 implies that the left hand side of (82) is strictly less than zero for u; = %, which
implies that the left hand side of (82) is strictly less than zero for all p € [u,7i]. Therefore, u; = p
is the unique symmetric equilibrium.

Part (iii). When c(:) is strictly convex, ¢”(u) > 0 for all u € [u,7i]. Furthermore, from Part
(ii) we see that, ¢/(u) < m(p* — p)c”’(p) for all p € [, 7] implies that there exists exactly one

symmetric equilibrium. Thus, for any m greater than

. A max e ¢ (1) (@)
. . ik . | . (86)
(w* =) mingep,z ¢’ (1) (w* — @) minep, 7 ¢ (1)
we can guarantee that the inequality holds. O

Proof of Proposition 12

Proof
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Part (i). First, let

rw 2 (25) (S - ) (87)

m? pr—
be the term in square brackets in (41). From (38) we see that, for a fixed number of suppliers, m, h(-)
is a positive multiple of the first order conditions in monopolistic competition, IT'(-). Furthermore,
since c(-) is positive, h(x) < 0 and TT'(x) < 0 imply IT/, (1) < 0.

Next, note that the psuedoconcavity of TI(-) implies that U is a contiguous set of u’s. Since
pelU, U #0, and we let p 2 min{y > p:p € U} and po = max{p < @ : p € U}. Therefore,
I/, (1) < O for all pu € [p1,u2]. Similarly if uo < 7, then the pseudoconcavity of TI(+) also implies
IT'(1) < 0 — and in turn that T} (u) < 0 — for all u € (u2, 7). Thus, I/, (1) < 0 for all u € [u1, 7,
and p < p for all p € Uy,.

Part (ii). Suppose p maximizes profit in monopolistic competition. Then II'(x) < 0. If
IT'(p) = O then part (i) of this proposition implies the desired result. If II'(x) < 0 and p is
optimal, then it must be that IT'(x) < 0 for all € [, 7). But II'(1) < 0 implies that IT7 (1) < 0

as well, so IT7 (1) < 0 for all p € [u, 7], and p is also the unique quality maximizer in oligopoly.

Part (iii). Suppose IT/, (1) = 0. Then from the first order conditions (41) we have

<m—1) (T—C(M)) = lc’(u). (88)

m? pr =

Multiplying both sides by (m?/(m — 1)) - (m/(m + 1)?), then subtracting ¢/(x)/(m + 1) from both

sides, we have

m r —c(p) L, _ m? 1 ,
(m + 1)? (u*—u) Ty = ((m+1)2(m—1) B m+1)c(“) (89)
m2
- ml—l—l <m2—1 _])C/(N) (90)
> 0. (91)

But the left hand side of (89) equals I1,,41(¢). This completes the proof.
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Part (iv). From (41) we find that

m = 0 e (221) () - e

m w =

Similarly from (38) we have

r — c(pi)

Mp) =0 = ——— —dp =

M= p

But

(5 (29) - v - [55) -o] -

and lim, o [(m —1)/m — 1| = 0. Then

limm—oo I, (1) = 0

= am |(5) (20 - vl = 2 -

= 1Il'(p) = 0,

which completes the proof.
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