
THE WHARTON FINANCIAL INSTITUTIONS CENTER

The Wharton Financial Institutions Center provides a multi-disciplinary research approach to
the problems and opportunities facing the financial services industry in its search for
competitive excellence.  The Center's research focuses on the issues related to managing risk
at the firm level as well as ways to improve productivity and performance.

The Center fosters the development of a community of faculty, visiting scholars and Ph.D.
candidates whose research interests complement and support the mission of the Center.  The
Center works closely with industry executives and practitioners to ensure that its research is
informed by the operating realities and competitive demands facing industry participants as
they pursue competitive excellence.

A variety of working papers related to this subject are also available online at:

http://fic.wharton.upenn.edu/fic

If you would like to learn more about the Center or become a member of our research
community, please let us know of your interest.

Anthony M. Santomero
Director

The Working Paper Series is made possible by a generous
grant from the Alfred P. Sloan Foundation



$ 6LQJOH�6HUYHU 4XHXH ZLWK 0DUNRY 0RGXODWHG 6HUYLFH 7LPHVe

<RQJ�3LQ =KRX 1RDK *DQV

7KH :KDUWRQ 6FKRRO� 7KH 8QLYHUVLW\ RI 3HQQV\OYDQLD

3KLODGHOSKLD� 3$ ����������� 86$

2FWREHU ��� ����

$EVWUDFW

:H VWXG\ DQ0 0033 � TXHXHLQJ V\VWHP� ZKHUH WKH DUULYDO SURFHVV LV 3RLVVRQ DQG VHUYLFH

UHTXLUHPHQWV DUH 0DUNRY PRGXODWHG� :KHQ WKH 0DUNRY &KDLQ PRGXODWLQJ VHUYLFH WLPHV KDV

WZR VWDWHV� ZH VKRZ WKDW WKH GLVWULEXWLRQ RI WKH QXPEHU�LQ�V\VWHP LV D VXSHUSRVLWLRQ RI WZR

PDWUL[�JHRPHWULF VHULHV DQG SURYLGH D VLPSOH DOJRULWKP IRU FRPSXWLQJ WKH UDWH DQG FRHpFLHQW

PDWULFHV� 7KHVH UHVXOWV KROG IRU ERWK nQLWH DQG LQnQLWH ZDLWLQJ VSDFH V\VWHPV DQG H[WHQG UHVXOWV

REWDLQHG LQ 1HXWV >�@ DQG 1DRXPRY >�@�

1XPHULFDO FRPSDULVRQV EHWZHHQ WKH SHUIRUPDQFH RI WKH0 0033 � V\VWHP DQG LWV0 * �

DQDORJXH OHDG XV WR PDNH WKH FRQMHFWXUH WKDW WKH 0 0033 � V\VWHP SHUIRUPV EHWWHU LI DQG

RQO\ LI WKH WRWDO VZLWFKLQJ SUREDELOLWLHV EHWZHHQ WKH WZR VWDWHV VDWLVI\ D VLPSOH FRQGLWLRQ� :H

JLYH DQ LQWXLWLYH DUJXPHQW WR VXSSRUW WKLV FRQMHFWXUH�

� 2YHUYLHZ

&RQVLGHU WKH IROORZLQJ )&)6 VLQJOH�VHUYHU TXHXH� WKH DUULYDO SURFHVV LV 3RLVVRQ DQG VHUYLFH WLPHV

DUH H[SRQHQWLDOO\ GLVWULEXWHG� +RZHYHU� WKH UDWHV RI WKHVH H[SRQHQWLDO VHUYLFH WLPHV DUH GHWHUPLQHG

E\ DQ XQGHUO\LQJ 0DUNRY FKDLQ� 7UDQVLWLRQV RI WKH 0DUNRY FKDLQ WDNH SODFH DW VHUYLFH FRPSOHWLRQV�

6XSSRVH WKH 0DUNRY FKDLQ KDV P VWDWHV� :KHQ D VHUYLFH LV FRPSOHWHG� WKH 0DUNRY FKDLQ PDNHV

D WUDQVLWLRQ� ,I WKH QHZ VWDWH RI WKH 0DUNRY FKDLQ LV L� � � L � P� WKHQ WKH UDWH RI QH[W H[SRQHQWLDO

VHUYLFH WLPH ZLOO EH xL� :H ZLOO FDOO WKLV DQ 0 0033 � TXHXHLQJ V\VWHP�

e5HVHDUFK VXSSRUWHG E\ WKH :KDUWRQ )LQDQFLDO ,QVWLWXWLRQV &HQWHU DQG E\ 16) *UDQW 6%5��������
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2XU LQWHUHVW LQ WKLV W\SH RI TXHXHLQJ V\VWHP FRPHV IURP WKH VWXG\ RI VHUYLFH V\VWHPV ZLWK KXPDQ

VHUYHUV� (PSOR\HH OHDUQLQJ DQG WXUQRYHU FDXVH WKH VHTXHQFH RI VHUYLFH�WLPH GLVWULEXWLRQV WR H[KLELW

V\VWHPDWLF QRQ�VWDWLRQDULWLHV� DV DQ HPSOR\HH OHDUQV� KLV RU KHU VHUYLFH VSHHG LQFUHDVHV� ZKHQ DQ

HPSOR\HH WXUQV RYHU� V�KH LV XVXDOO\ UHSODFHG E\ D QHZ SHUVRQ ZLWK ORZHU VHUYLFH VSHHGV� :H ZLVK

WR XQGHUVWDQG WKH HmHFW RI HPSOR\HH OHDUQLQJ DQG WXUQRYHU RQ PHDVXUHV RI V\VWHP SHUIRUPDQFH VXFK

DV DYHUDJH ZDLWLQJ WLPH DQG TXHXH OHQJWK�

:H PRGHO HPSOR\HH OHDUQLQJ DQG WXUQRYHU DV WUDQVLWLRQV WKURXJK VWDWHV RI D 0DUNRY FKDLQ� $IWHU

HDFK VHUYLFH DQ HPSOR\HH PD\ OHDUQ DQG DGYDQFH WR D KLJKHU VNLOO OHYHO ZLWK D SUH�VSHFLnHG SUREDELOLW\�

$IWHU HDFK VHUYLFH DQ HPSOR\HH PD\ DOVR WXUQ RYHU ZLWK DQRWKHU SUH�VSHFLnHG SUREDELOLW\� LQ ZKLFK

FDVH V�KH LV UHSODFHG E\ D QHZ HPSOR\HH DW WKH ORZHVW VNLOO OHYHO� 6NLOO OHYHOV FRUUHVSRQG WR VWDWHV

RI WKH 0DUNRY FKDLQ DQG WKH 0DUNRY FKDLQ PRGXODWHV WKH VHUYLFH�WLPH GLVWULEXWLRQ� ,Q WKH VLPSOHVW

FDVH� ZKHQ WKHUH LV RQO\ RQH HPSOR\HH� WKH KXPDQ VHUYHU TXHXHLQJ V\VWHP EHFRPHV DQ0 0033 �

V\VWHP�

,Q DGGLWLRQ WR PRGHOLQJ VHUYHU ?OHDUQLQJ DQG WXUQRYHU�� WKH 0 0033 � TXHXH PD\ EH XVHG

WR PRGHO D SURFHVVRU LQ D GDWD QHWZRUN� 7KH SURFHVVRU ZRUNV DW D FRQVWDQW VSHHG EXW SURFHVVHV

MREV IURP VHYHUDO VRXUFHV� 7KH DJJUHJDWH DUULYDO SURFHVV LV D VWDWLRQDU\ 3RLVVRQ SURFHVV� EXW WKH

VRXUFH IURP ZKLFK D SDUWLFXODU MRE FRPHV �WKH MRE ?W\SH�� LV GHWHUPLQHG E\ DQ XQGHUO\LQJ 0DUNRY

FKDLQ� -REV IURP GLmHUHQW VRXUFHV FDUU\ ZLWK WKHP H[SRQHQWLDOO\ GLVWULEXWHG DPRXQWV RI ZRUN ZLWK

GLmHUHQW PHDQV�

:KHQ WKH ZDLWLQJ VSDFH LV LQnQLWH� WKH G\QDPLFV RI WKH WZR V\VWHPV DUH HTXLYDOHQW� :KHQ WKHUH

LV D nQLWH OLPLW RQ WKH ZDLWLQJ VSDFH� KRZHYHU� WKH EHKDYLRU RI WKH WZR V\VWHPV GLmHUV� ,Q WKH

GDWD�SURFHVVRU PRGHO� DUULYLQJ MREV WKDW DUH ORVW VWLOO JHQHUDWH WUDQVLWLRQV RI WKH PRGXODWLQJ 0DUNRY

FKDLQ� DQG FKDQJHV LQ WKH VHUYLFH�WLPH GLVWULEXWLRQ IURP RQH MRE WR WKH QH[W GHSHQG RQ ZKHWKHU RU

QRW WKH ZDLWLQJ VSDFH LV IXOO� $OWHUQDWLYHO\� LQ WKH KXPDQ�VHUYHU PRGHO LW LV VHUYLFH FRPSOHWLRQV WKDW

JHQHUDWH WUDQVLWLRQV RI WKH PRGXODWLQJ 0DUNRY FKDLQ� DQG WKHVH WUDQVLWLRQV DUH XQDmHFWHG E\ ORVW

DUULYDOV�

8VLQJ D PDWUL[ GLmHUHQFH HTXDWLRQ DSSURDFK� ZH DUH DEOH WR REWDLQ D FRPSOHWH FKDUDFWHUL]DWLRQ RI

WKH V\VWHP
V EHKDYLRU ZKHQ WKH 0DUNRY FKDLQ KDV WZR VWDWHV �P  ��� ,Q WKLV FDVH� ZH FDQ DOVR XVH

FORVHG�IRUP VROXWLRQV WR WKH UHVXOWLQJ FXELF HTXDWLRQV WR REWDLQ H[DFW VROXWLRQV IRU WKH FRPSXWDWLRQ

RI UHTXLUHG UDWH FRHpFLHQW PDWULFHV LQ WKH QXPHULFDO VWXG\� 2XU DQDO\VLV \LHOGV WKH IROORZLQJ UHVXOWV�

:H REWDLQ WUDGLWLRQDO PHDVXUHV RI TXHXHLQJ SHUIRUPDQFH IRU WKLV 0 0033 � V\VWHP� WKH
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GLVWULEXWLRQ RI WKH QXPEHU RI FXVWRPHUV LQ WKH V\VWHP DQG� LQ WXUQ� WKH V\VWHP XWLOL]DWLRQ� WKH

DYHUDJH QXPEHU LQ WKH V\VWHP� WKH DYHUDJH ZDLWLQJ WLPH LQ TXHXH DQG LQ WKH V\VWHP� ,Q WKH FDVH RI

V\VWHPV ZLWK nQLWH ZDLWLQJ URRPV ZH DOVR REWDLQ WKH ORVV SUREDELOLW\�

0RUH IXQGDPHQWDOO\ ZH VKRZ WKDW� IRU V\VWHPV ZLWK HLWKHU LQnQLWH RU nQLWH ZDLWLQJ VSDFHV� WKH

VWHDG\�VWDWH GLVWULEXWLRQ RI WKH QXPEHU RI FXVWRPHUV LQ WKH V\VWHP FDQ EH UHSUHVHQWHG DV WKH VX�

SHUSRVLWLRQ RI WZR� PDWUL[�JHRPHWULF VHULHV� ;Q  �5Q
�.� � 5Q

�.��;�� +HUH 5� DQG 5� DUH WZR

VTXDUH PDWULFHV DQG ;Q LV WKH YHFWRU RI VWHDG\�VWDWH V\VWHP SUREDELOLWLHV IRU VWDWHV ZKLFK KDYH Q

FXVWRPHUV LQ WKH V\VWHP�

)XUWKHUPRUH� ZH SURYH WKDW HYHQ ZKHQ V\VWHP XWLOL]DWLRQ LV VWULFWO\ OHVV WKDQ RQH� WKH VSHFWUDO

UDGLXV RI DW OHDVW RQH RI WKH UDWH PDWULFHV ZLOO DOZD\V EH DW OHDVW RQH� ,Q WKLV FDVH� WKH SURFHVV

LV HUJRGLF DQG H[KLELWV D XQLTXH� SRVLWLYH VWHDG\�VWDWH GLVWULEXWLRQ� HYHQ WKRXJK DQ HLJHQYDOXH OLHV

RXWVLGH WKH LQWHULRU RI WKH XQLW GLVN�

0RUHRYHU� RXU DQDO\VLV GHYHORSV H[SOLFLW� FRPSXWDEOH DQDO\WLFDO H[SUHVVLRQV IRU ERWK WKH UDWH DQG

FRHpFLHQW PDWULFHV RI WKH JHRPHWULF VHULHV� 7KXV� IRU WKH FDVH RI D ��VWDWH 0DUNRY FKDLQ� ZH REWDLQ

DQ HpFLHQW FRPSXWDWLRQDO SURFHGXUH IRU FDOFXODWLQJ WKH VWHDG\�VWDWH GLVWULEXWLRQ RI WKH QXPEHU�LQ�

V\VWHP IRU 0 0033 � V\VWHPV ZLWK ERWK nQLWH DQG LQnQLWH ZDLWLQJ URRPV� ,Q WKH GLVFXVVLRQ DW

WKH HQG RI WKLV SDSHU� ZH DOVR GLVFXVV KRZ WKLV SURFHGXUH PD\ EH H[WHQGHG WR 0 0033 � V\VWHPV

ZKRVH XQGHUO\LQJ 0DUNRY FKDLQ KDV P w � VWDWHV�
)RU WKH LQnQLWH ZDLWLQJ VSDFH V\VWHP� ZH FRPSDUH WKH 0 0033 � PRGHO ZLWK DQ DQDORJRXV

0 * � PRGHO ZLWK WKH VDPH DUULYDO UDWH DQG WKH VDPH nUVW WZR PRPHQWV RI VHUYLFH WLPH� 7KURXJK

QXPHULFDO H[DPSOHV ZH VKRZ WKDW WKH 0 * � V\VWHP� ZKLFK KDV LQGHSHQGHQW VHUYLFH WLPHV� GRHV

QRW QHFHVVDULO\ RXW�SHUIRUP WKH 0 0033 � V\VWHP ZLWK FRUUHODWHG VHUYLFH WLPHV� :KHQ WKH

WUDQVLWLRQ SUREDELOLWLHV RI WKH PRGXODWLQJ 0DUNRY FKDLQ DUH LQYDULDQW DFURVV VWDWHV� WKH0 0033 �

V\VWHP LV HTXLYDOHQW WR DQ 0 +� � V\VWHP� DQG WKHUHIRUH LW KDV WKH VDPH H[SHFWHG EDFNORJ DV LWV

0 * � DQDORJXH� :KHQ WKH PRGXODWLQJ 0DUNRY FKDLQ
V WUDQVLWLRQ SUREDELOLWLHV RXW RI WKH FXUUHQW

VWDWH IDOO EHORZ WKHVH 0 +� � WUDQVLWLRQ SUREDELOLW\ OHYHOV� KRZHYHU� QXPHULFDO UHVXOWV VKRZ WKDW

0 0033 � SHUIRUPDQFH VXmHUV� &RQYHUVHO\� ZKHQ WKH WUDQVLWLRQ SUREDELOLWLHV RXW RI WKH FXUUHQW

VWDWH H[FHHG WKHVH OHYHOV� WKHQ WKH H[SHFWHG EDFNORJ LQ WKH 0 0033 � V\VWHP LV VPDOOHU WKDQ LQ

WKH 0 +� � V\VWHP� ,Q WKH nQLWH ZDLWLQJ VSDFH FDVH� ORVV SUREDELOLWLHV RI WKH 0 0033 � V\VWHP

DQG LWV 0 * � DQDORJXH H[KLELW WKH VDPH SDWWHUQ�

7KLV QXPHULFDO HYLGHQFH OHDGV XV WR EHOLHYH WKDW WKH SDWWHUQ RI REVHUYHG GLmHUHQFHV EHWZHHQ WKH
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0 0033 � V\VWHP DQG LWV 0 * � DQDORJXH LV SURYDEO\ WUXH� :H JLYH DQ LQWXLWLYH DUJXPHQW WR

VXSSRUW WKLV FRQMHFWXUH�

� /LWHUDWXUH 5HYLHZ

7KH 0 0033 � V\VWHP LV D VSHFLDO FDVH RI D ?4XDVL %LUWK DQG 'HDWK� �4%'� SURFHVV� 4%'

SURFHVVHV FDQ EH XVHG WR PRGHO D ZLGH YDULHW\ RI VWRFKDVWLF V\VWHPV� LQ SDUWLFXODU PDQ\ WHOHFRPPX�

QLFDWLRQV V\VWHPV� )RU EDFNJURXQG DQG H[DPSOHV� VHH 1HXWV >�@ DQG 6HUYL >�@�

1HXWV
V >�@ VHPLQDO ZRUN FKDUDFWHUL]HV 4%' V\VWHPV ZLWK FRXQWDEOH VWDWH VSDFHV DV KDYLQJ� ZKHQ

D FHUWDLQ ERXQGDU\ FRQGLWLRQ KROGV� D VWHDG\�VWDWH GLVWULEXWLRQ RI WKH QXPEHU�LQ�V\VWHP WKDW FDQ EH

GHVFULEHG DV D VLQJOH� PDWUL[�JHRPHWULF VHULHV� ;Q  5Q;�� 7KH UDWH PDWUL[ 5 PD\ EH GLpFXOW

WR FDOFXODWH� KRZHYHU� DQG WKH UHTXLUHG ERXQGDU\ FRQGLWLRQ WKDW 5 PXVW VDWLVI\ LV GLpFXOW WR YHULI\

DQG QRW JXDUDQWHHG WR KROG�

)RU nQLWH 4%' SURFHVVHV ZLWK D OLPLW RI 1 LQ WKH V\VWHP� 1DRXPRY >�@ GHYHORSV UHVXOWV WKDW DUH

VLPLODU WR RXUV� +H GHPRQVWUDWHV WKDW WKH VWHDG\�VWDWH GLVWULEXWLRQ RI WKH QXPEHU�LQ�V\VWHP FDQ EH

UHSUHVHQWHG DV WKH VXSHUSRVLWLRQ RI WZR PDWUL[ JHRPHWULF VHULHV� +LV UHVXOWV GLmHU IURP RXUV� KRZHYHU�

LQ WZR LPSRUWDQW ZD\V� )LUVW� KLV FKDUDFWHUL]DWLRQ UHOLHV RQ nQLWHQHVV RI WKH 4%' SURFHVV DQG FDQQRW

EH JHQHUDOL]HG LQ D VWUDLJKWIRUZDUG IDVKLRQ WR LQnQLWH 4%' V\VWHPV� 6HFRQG� KLV GHWHUPLQDWLRQ RI

WKH UDWH PDWULFHV� 5� DQG 5�� UHTXLUHV WKH FRPSXWDWLRQ RI WZR LQnQLWH VHULHV RI �UHFXUVLYHO\ GHnQHG�

PDWULFHV� +HQFH KLV VROXWLRQ LV QRW HDVLO\ FRPSXWDEOH�

7KXV� IRU 0 0033 � V\VWHPV ZLWK P  �� ZH KDYH GHYHORSHG D FKDUDFWHUL]DWLRQ RI V\VWHP

SHUIRUPDQFH WKDW UHSUHVHQWV D OLQN EHWZHHQ 1HXWV
V VLQJOH�JHRPHWULF�VHULHV FKDUDFWHUL]DWLRQ RI LQnQLWH

4%' SURFHVVHV DQG 1DRXPRY
V GXDO�JHRPHWULF�VHULHV FKDUDFWHUL]DWLRQ RI nQLWH 4%' V\VWHPV� ,W LV D

VLQJOH FKDUDFWHUL]DWLRQ RI V\VWHP SHUIRUPDQFH WKDW FRYHUV ERWK WKH nQLWH DQG FRXQWDEOH�VWDWH�VSDFH

FDVHV� ,Q DGGLWLRQ� LW UHTXLUHV QR DVVXPSWLRQV FRQFHUQLQJ WKH UDWH PDWULFHV� DQG LWV UDWH PDWULFHV

DUH HDV\ WR FRPSXWH�

)RU 0 0033 � V\VWHPV ZLWK P w �� KRZHYHU� RXU FKDUDFWHUL]DWLRQ KDV QRW EHHQ SURYHG� ,Q
SDUWLFXODU� WKH GHWHUPLQDWLRQ RI WKH UDWH PDWULFHV EHFRPHV PRUH GLpFXOW� �)RU D IXUWKHU GLVFXVVLRQ�

VHH WKH &RQFOXVLRQ� [��� 6HUYL>�@ SURYLGHV HpFLHQW QXPHULFDO SURFHGXUHV IRU VROYLQJ 4%' V\VWHPV
VXFK DV WKHVH�

0RUULFH HW DO� >�@ VWXG\ 0DUNRYLDQ TXHXHLQJ V\VWHPV LQ ZKLFK LQWHU�DUULYDO WLPHV DQG VHUYLFH
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WLPHV DUH PRGXODWHG DFFRUGLQJ WR D GHWHUPLQLVWLF� F\FOLF VWUXFWXUH� )RU WKH FDVH RI F\FOLF VHUYLFH

WLPHV �DQG VWDWLRQDU\ LQWHU�DUULYDO WLPHV� WKLV PRGHO LV D VSHFLDO FDVH RI RXUV�

3UDEKX >�@ GHYHORSV D 0DUNRY�PRGXODWHG PRGHO WKDW DSSOLHV WR WKH LQnQLWH ZDLWLQJ VSDFH� GDWD�

SURFHVVRU V\VWHPV GHVFULEHG LQ WKH LQWURGXFWLRQ� 7KH DQDO\VLV \LHOGV HOHJHQW� :LHQHU�+RSI UHSUHVHQ�

WDWLRQV RI WKH ZDLWLQJ�WLPH GLVWULEXWLRQ RI MREV� =KX DQG /L >�@ GHYHORS 0DF/DXULQ VHULHV H[SDQVLRQV

WR GHVFULEH WKHVH TXDQWLWLHV� ,Q WKDW WKH\ FKDUDFWHUL]H ZDLWLQJ WLPHV� UDWKHU WKDQ WKH GLVWULEXWLRQ

RI WKH QXPEHU�LQ�V\VWHP� WKHVH ZRUNV FRPSOHPHQW RXUV� :H DOVR QRWH WKDW WKH DQDO\VHV DSSO\ RQO\

WR V\VWHPV ZLWK LQnQLWH ZDLWLQJ VSDFHV� ZKLOH ZH FKDUDFWHUL]H ERWK LQnQLWH DQG nQLWH ZDLWLQJ�VSDFH

V\VWHPV�

7KH UHVW RI WKH SDSHU ZLOO EH RUJDQL]HG DV IROORZV� ,Q [����[��� ZH JLYH D FRPSOHWH VROXWLRQ
WR WKH VWHDG\�VWDWH SUREDELOLW\ GLVWULEXWLRQ RI WKH QXPEHU�LQ�V\VWHP RI DQ 0 0033 � V\VWHP�

7KHQ LQ [��� ZH FRPSXWH LPSRUWDQW TXHXHLQJ SHUIRUPDQFH PHDVXUHV� VXFK DV DYHUDJH QXPEHU LQ
WKH V\VWHP� ,Q [� ZH DQDO\]H WKH nQLWH ZDLWLQJ VSDFH TXHXHLQJ V\VWHP� 0 0033 � 1 � ,Q [� ZH
SUHVHQW QXPHULFDO DQDO\VHV ZKLFK FRPSDUH ERWK WKH LQnQLWH DQG nQLWH V\VWHPV WR WKHLU DQDORJXHV

WKDW KDYH L�L�G� VHUYLFH WLPHV� )LQDOO\� LQ [� ZH GLVFXVV SRVVLEOH H[WHQVLRQV RI RXU UHVXOWV�

� 0 0033 � TXHXHLQJ V\VWHP VROXWLRQ

��� 7KH VWHDG\�VWDWH SUREDELOLW\ GLVWULEXWLRQ�

,Q WKH IROORZLQJ DQDO\VLV� P  �� L�H�� WKH XQGHUO\LQJ 0DUNRY FKDLQ KDV RQO\ WZR VWDWHV� :H GHQRWH

WKH WZR VWDWHV RI WKH 0DUNRY FKDLQ DV IDVW� ) � DQG VORZ� 6�

-REV DUULYH DFFRUGLQJ WR D 3RLVVRQ SURFHVV RI UDWH w� DQG VHUYLFH WLPHV DUH H[SRQHQWLDOO\ GLV�

WULEXWHG� :KHQ WKH 0DUNRY FKDLQ LV LQ VWDWH ) � WKH VHUYHU ZRUNV DW D UDWH RI x) � DQG ZKHQ WKH

0DUNRY FKDLQ LV LQ VWDWH 6� WKH VHUYHU ZRUNV DW UDWH x6 � x) � :KHQ WKH VHUYHU LV LQ VWDWH )

DQG FRPSOHWHV D VHUYLFH LW UHPDLQV IDVW ZLWK SUREDELOLW\ S)) DQG EHFRPHV VORZ ZLWK SUREDELOLW\

S)6  � b S)) � 6LPLODUO\� ZKHQ WKH VHUYHU LV LQ VWDWH 6 DQG FRPSOHWHV D VHUYLFH� LW UHPDLQV VORZ

ZLWK SUREDELOLW\ S66 DQG EHFRPHV IDVW ZLWK SUREDELOLW\ S6)  �b S66 �

:H OHW 36�Q� Q  �� �� ��� GHQRWH WKH VWHDG\�VWDWH SUREDELOLW\ WKDW WKH VHUYHU LV VORZ DQG WKHUH DUH

Q MREV LQ WKH V\VWHP� 6LPLODUO\� 3)�Q GHQRWHV WKH VWHDG\�VWDWH SUREDELOLW\ WKDW WKH VHUYHU LV IDVW DQG

WKHUH DUH Q MREV LQ WKH V\VWHP�
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��� &RPSOHWH 6ROXWLRQ RI WKH 6WHDG\ 6WDWH 3UREDELOLW\ 'LVWULEXWLRQ

)URP 7KHRUHP �� ZH VHH WKDW� RQFH ZH NQRZ ;�  �36��� 3)���
�

� WKHQ DOO WKH RWKHU SUREDELOLWLHV FDQ

EH REWDLQHG IURP HTXDWLRQ ���� 7KH IROORZLQJ WZR SURSRVLWLRQV SURYLGH WZR LQGHSHQGHQW HTXDWLRQV

WR GHWHUPLQH 36�� DQG 3)�� DQG� LQ WXUQ� WKH HQWLUH SUREDELOLW\ GLVWULEXWLRQ�

3URSRVLWLRQ �

�L� 7KH ORQJ�UXQ DYHUDJH VHUYLFH WLPH RI WKH 0 0033 � V\VWHP LV � x ZKHUH

�
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�LL� /HW | EH GHnQHG DV LQ ����� 7KHQ |  w x� 0RUHRYHU� ZKHQ | � �� WKH V\VWHP LV VWDEOH� DQG |

LV WKH ORQJ�UXQ SURSRUWLRQ RI WLPH WKH V\VWHP LV EXV\�

�LLL� :KHQ | w �� WKH V\VWHP LV XQVWDEOH�

3URRI 7KH WUDQVLWLRQ SUREDELOLW\ PDWUL[ RI WKH (PEHGGHG 0DUNRY &KDLQ �(0&� DW VHUYLFH

FRPSOHWLRQ HSRFKV LV 3  
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3URSRVLWLRQ � ,I | � �� WKHQ WKH 0DUNRY SURFHVV LV HUJRGLF DQG WKHUH H[LVWV D SRVLWLYH SUREDELOLW\

YHFWRU ;� VXFK WKDW HTXDWLRQ ���� LV VDWLVnHG� 0RUHRYHU� HLWKHU
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36�Q �RU 3)�Q� HTXDOV ]HUR IRU VRPH Q w �� 7KHQ IURP HTXDWLRQV �������� 36�Q��  � �RU 3)�Q��  ���
%HFDXVH S6) c S)6 � �� LW IROORZV WKDW 3)�Q  � �RU 36�Q  ��� DQG UHFXUVLYHO\ 36�N  3)�N  � IRU
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/HPPD � VKRZV WKDW LQ RXU V\VWHP� KRZHYHU� WKH VSHFWUDO UDGLL RI WKH UDWH PDWULFHV FRXOG EH QR

VPDOOHU WKDQ RQH� %XW WKH GLYHUJHQFH RI WKH SRZHUV RI UDWH PDWUL[ SURYLGHV XV ZLWK HTXDWLRQ ���� RU

����� D VLPSOHU VHFRQG HTXDWLRQ WKDQ �����

5HPDUN � 1RWH WKDW WKH XQGHUO\LQJ &70& VWHDG\�VWDWH SUREDELOLW\ GLVWULEXWLRQ FDQ EH PRGHOHG
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7KLV LV DQ H[DPSOH RI D ?4XDVL�%LUWK�DQG�'HDWK 3URFHVV�� 7KHRUHP ����� LQ 1HXWV >�@ VWDWHV

WKDW WKH 0DUNRY SURFHVV LV SRVLWLYH UHFXUUHQW LI DQG RQO\ LI WKH PLQLPDO QRQQHJDWLYH VROXWLRQ 5 WR

WKH PDWUL[�TXDGUDWLF HTXDWLRQ ��� KDV DOO LWV HLJHQYDOXHV LQVLGH WKH XQLW GLVN DQG WKH nQLWH V\VWHP

RI HTXDWLRQV
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KDV D �XQLTXH� SRVLWLYH VROXWLRQ ;�� ,Q WKLV FDVH�
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,W LV QRW HYLGHQW� KRZHYHU� WKDW FRQGLWLRQV ��������� DUH DOZD\V VDWLVnHG� DQG HYHQ LI WKH\ DUH

VDWLVnHG� WKH\ PD\ EH GLpFXOW WR YHULI\� 2XU DOJRULWKP� DV GHVFULEHG LQ 3URSRVLWLRQ �� JXDUDQWHHV D

VROXWLRQ DV D VXSHUSRVLWLRQ RI WZR PDWUL[�JHRPHWULF VHULHV DQG WKH PDMRU FRPSXWDWLRQ UHTXLUHPHQW

LV WKH VROXWLRQ RI D SRO\QRPLDO HTXDWLRQ ����� DQG WKH VROXWLRQ RI OLQHDU HTXDWLRQV ����� +HQFH� RXU

DSSURDFK SURYLGHV D QXPHULFDOO\ VLPSOH DOJRULWKP IRU DOO FDVHV� LQFOXGLQJ WKRVH LQ ZKLFK ���������

DUH VDWLVnHG DQG 1HXWV
V UHVXOWV DSSO\�

��� $YHUDJH ZDLWLQJ WLPH DQG TXHXH OHQJWK�

2QFH ZH NQRZ WKH FRPSOHWH GLVWULEXWLRQ RI WKH QXPEHU LQ WKH V\VWHP� ZH FDQ FRPSXWH DOO WKH

LPSRUWDQW TXHXHLQJ PHDVXUHV � DYHUDJH QXPEHU LQ WKH V\VWHP� DYHUDJH TXHXH OHQJWK� DYHUDJH ZDLWLQJ
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JHQHUDWLQJ IXQFWLRQV� 7KH IROORZLQJ DUH MXVW WZR H[DPSOHV�
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���� DQG TXLFNO\ FRPSXWH ;�� $IWHU WKDW� ZH FDQ FDOFXODWH ;Q IRU DOO Q YLD ����� 7KH RWKHU TXHXHLQJ

PHDVXUHV IROORZ IURP VWUDLJKWIRUZDUG FRPSXWDWLRQ DQG ZLOO QRW EH SUHVHQWHG KHUH� $JDLQ� ZH ZLOO

WDNH DGYDQWDJH RI WKH IDFW WKDW ZH KDYH DOUHDG\ REWDLQHG DOO WKH HLJHQYDOXHV DQG HLJHQYHFWRUV LQ
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DQDORJRXV 0 * � V\VWHP LQ ZKLFK VHUYLFH WLPHV KDYH WKH VDPH nUVW WZR PRPHQWV DV WKRVH LQ WKH

0 0033 � V\VWHP EXW DUH L�L�G�

��� ,QnQLWH ZDLWLQJ VSDFH� WKH 0 0033 � V\VWHP�
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7KH nUVW HTXDWLRQ KDV WZR URRWV� � DQG w x6 � DQG WKH VHFRQG HTXDWLRQ KDV WZR URRWV� � DQG w x) �

%HFDXVH x6 � x) � � LV WKHQ WKH RQO\ VROXWLRQ�
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3URRI RI SDUW � RI /HPPD � %\ FRQWUDGLFWLRQ� VXSSRVH oL  oM  o DQG 9L DQG 9M DUH OLQHDUO\

LQGHSHQGHQW� 7KHQ GXH WR 3URSRVLWLRQ �� WKH PDWUL[ 5  �9L� 9M�
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/HPPD � /HW 5 EH D �d� PDWUL[ ZLWK GLVWLQFW HLJHQYDOXHV o� DQG o� DQG FRUUHVSRQGLQJ HLJHQYHFWRUV
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LV D VROXWLRQ WR ���� ���� DQG �����
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RXW RI ZKLFK ZH REWDLQ �RQO\� RQH LQGHSHQGHQW HTXDWLRQ� HTXDWLRQ �����

5HIHUHQFHV

>�@ /HRQDUG .OHLQURFN� 4XHXHLQJ 6\VWHPV� YROXPH �� 7KHRU\� -RKQ :LOH\ 	 6RQV� �����
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>�@ 'RXJODV -� 0RUULFH� 5DYLQGUD 6� *DMXODSDOOL� DQG 6ULGKDU 5� 7D\XU� $ VLQJOH VHUYHU TXHXH ZLWK

F\FOLFDOO\ LQGH[HG DUULYDO DQG VHUYLFH UDWHV� 4XHXHLQJ 6\VWHPV� 7KHRU\ DQG $SSOLFDWLRQV� ������^
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>�@ 9DOHUL 1DRXPRY� 0DWUL[�PXOWLSOLFDWLYH DSSURDFK WR TXDVL�ELUWK�DQG�GHDWK SURFHVVHV DQDO\VLV� ,Q

6ULQLYDV 5� &KDNUDYDUWK\ DQG $WWDKLUX 6� $OID� HGLWRUV� 0DWUL[�$QDO\WLF 0HWKRGV LQ 6WRFKDVWLF

0RGHOV� SDJHV ��^���� 1HZ <RUN� ����� 0DUFHO 'HNNHU ,QF�
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